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Abstract
In this review article we describe the localization of three dimensionalN = 2 supersymmetric
theories on compact manifolds, including the squashed sphere, S3b , the lens space, S
3
b /Zp,
and S2 × S1. We describe how to write supersymmetric actions on these spaces, and then
compute the partition functions and other supersymmetric observables by employing the
localization argument. We briefly survey some applications of these computations.
This is a contribution to the review volume “Localization techniques in quantum field
theories” (eds. V. Pestun and M. Zabzine) which contains 17 Chapters available at [1]
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1 Introduction
Supersymmetry provides a variety of tools for analyzing strongly coupled quantum field
theories. An important example is supersymmetric localization, which is a powerful method
for computing exact results in supersymmetric quantum field theories. In the 90’s this idea
was used to great effect in computing observables in certain topologically twisted theories
(e.g., [2]). More recently, starting with the work [3], there has been a wave of exact results
for non-topological observables on compact manifolds for theories in various dimensions and
with various amounts of supersymmetry. This has led to exciting progress and new insights
about these theories, as described in the accompanying articles in this issue.
In this article we will study these observables in the context of three dimensional N = 2
supersymmetric theories. This is a rich class of theories, which exhibit many interesting
properties, and an enormous amount of work (which we can not hope to summarize here)
has focused on these models. They provide an ideal setting for investigation, being rich
enough to exhibit many non-trivial phenomena, such as confinement, whose study may teach
us general lessons about quantum field theories, while also enjoying enough symmetry and
rigid structure that many of their properties can be deduced analytically. In particular, as
we will describe in this article, this structure allows the exact computation of the partition
function and other supersymmetric observables on a variety of compact curved manifolds.
We will describe how localization reduces the path integral to a finite dimensional matrix
model, which renders it eminently computable, and thus allows one to obtain exact results in
strongly interacting quantum field theories. These results have led to a deeper understanding
of these models, and have had many interesting applications, some of which we will briefly
survey.
The outline of this article is as follows. In the remainder of the introduction, we review
some basic properties of 3d N = 2 theories in flat space. Then in section 2 we will describe
how to write supersymmetric actions on curved backgrounds, starting with the round S3
and then moving to more general backgrounds using a supergravity analysis. In section 3
we describe the computation of the partition functions on round and squashed 3-spheres,
using the localization argument. In section 4 we discuss supersymmetric theories on lens
spaces, and compute their partition functions. In section 5 we discuss the partition function
on S2 × S1, and its relation to the superconformal index. Finally in section 6 we briefly
survey some applications of these partition function computations. This article is meant
as an introduction and overview of some of the work that has been done on 3d N = 2
localization, and as such, most of the content will be familiar to the experts.
2
1.1 Review of 3d N = 2 Field Theories
The theories we will consider in this article are three dimensional theories with N = 2
supersymmetry, i.e., four real supercharges. This is the same amount of supersymmetry
as in 4d N = 1 theories, and many properties of the 3d superalgebra can be deduced by
reduction from four dimensions. Let us first describe some basic properties of these theories
in flat three dimensional spacetime, in preparation for studying them on curved backgrounds
in the next section. For more background on theories with N = 2 supersymmetry, see, e.g.,
[4].
The N = 2 algebra contains supercharges Qα and Q†α, which satisfy the algebra:1
{Qα,Qβ} = {Q†α,Q†β} = 0, {Qα,Q†β} = 2γµαβPµ + 2iαβZ (1.1)
Here Pµ is the momentum, Z is the real central charge, and γ
µ are the Pauli matrices.
We can build Lagrangians for field theories with N = 2 supersymmetry using two basic
types of field multiplets: chiral multiplets and vector multiplets. These can be defined
using a superspace formalism obtained by dimensionally reducing the 4d N = 1 superspace
formalsm. Chiral multiplets Φ satisfy D¯αΦ = 0, and consist of the following component
fields:
complex scalar φ, complex spinor ψ, auxiliary complex scalar F (1.2)
The action of supersymmetry on these fields is summarized by introducing an operator
δ = ζQ+ ζ˜Q†, labeled by constant spinors ζ, ζ˜:2
δφ =
√
2ζψ
δψ =
√
2ζF −
√
2iγµζ˜∂µφ
δF = −
√
2iζ˜γµ∂µψ (1.3)
One can check that this gives a representation of the algebra (1.1) with Z = 0.
Vector multiplets satisfy V = V †, and have a gauge symmetry V ∼ V + Λ + Λ†, for Λ a
chiral multiplet. In Wess-Zumino gauge, they consist of fields:
vector Aµ, real scalar σ, complex spinor λ, auxiliary real scalar D (1.4)
which all lie in the adjoint representation of the gauge group. They have the following
transformation laws:3
δAµ = −i(ζγµλ˜+ ζ˜γµλ),
δσ = −ζλ˜+ ζ˜λ,
1Throughout this article we will work in Euclidean signature.
2In this article, our notations and spinor conventions will mostly follow [5].
3Here λ˜ denotes the field that would be Hermitian conjugate to λ in Lorentzian signature; here they are
treated as independent fields.
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δλ = (iD − i
2
µνργρFµν − iγµDµσ)ζ,
δλ˜ = (−iD − i
2
µνργρFµν + iγ
µDµσ)ζ˜ ,
δD = ζγµDµλ˜− ζ˜γµDµλ− [ζλ˜, σ]− [ζ˜λ, σ] (1.5)
Supersymmetry transformations take one out of Wess-Zumino gauge, so one must supplement
them by a suitable gauge transformation. This also modifies the supersymmetry transfor-
mations of the chiral by terms involving the gauge multiplet fields:
δφ =
√
2ζψ,
δψ =
√
2ζF −
√
2iγµζ˜Dµφ+
√
2iσφζ˜,
δF = −
√
2iζ˜γµDµψ −
√
2iσζ˜ψ + 2iζ˜λ˜φ, (1.6)
The action in flat space can be written as a sum of D-term and F -term contributions:
S =
∫
d3x
(∫
d4θK(Φ,Φ†, V ) +
∫
d2θ W (Φ) + c.c.
)
(1.7)
where K is the Kahler potential and W is the superpotential. The standard choice for kinetic
term of the chiral multiplet, which we will always take, is:
K(Φ,Φ†, V ) = Φ†eV Φ (1.8)
which gives the following Lagrangian when expanded in component fields:
Lchi = Dµφ˜Dµφ+ φ˜(σ2 +D)φ− iψ˜γµDµψ − iψ˜σψ +
√
2i(φ˜λψ + ψ˜λ˜φ)− F˜F (1.9)
For the vector multiplet, there are two choices for the kinetic term. First we can consider
a supersymmetric extension of the Chern-Simons (CS) kinetic term:
LCS = i
4pi
TrCS(
µνρ(Aµ∂νAρ +
2i
3
AµAνAρ) + 2iDσ + 2λ˜λ) (1.10)
Here invariance under large gauge transformations imposes a quantization law for the trace
function TrCS. For example, if the gauge group is U(N) then TrCS = kTrF , with TrF the
trace in the fundamental representation and k an integer.
These kinetic terms for the matter and gauge fields preserve scale invariance classically.
It is a non-trivial consequence of N = 2 supersymmetry that a theory defined by the above
chiral multiplet kinetic term and with a Chern-Simons kinetic term for the gauge multiplet
preserves scale invariance on the quantum level [6]. However, for a generic theory the chiral
fields will undergo wave function renormalization.
Another choice of kinetic term for the gauge field is the Yang-Mills Lagrangian:
LYM = 1
g2
Tr(
1
4
F µνFµν +
1
2
DµσDµσ − iλ˜γµDµλ+ iλ˜[σ, λ]− 1
2
D2) (1.11)
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The gauge coupling g2 has dimensions of mass, and so this term breaks scale invariance.
We can also consider superpotential terms for the chiral multiplets, defined by a holo-
morphic function W (Φi):
LW =
∫
d2θW (Φi) + c.c. =
∂W
∂Φi
(φi)Fi +
∂2W
∂Φi∂Φj
(φi)ψiψj + c.c. (1.12)
An example is a complex mass term: given two chiral fields X and Y , a superpotential
term W = mXY leads to a mass m for the fields in both chiral multiplets, and they can
be integrated out at energies below m. A quartic superpotential leads to a sextic scalar
potential, and is classically marginal. The superpotential must be invariant under any gauge
symmetry of the theory, and it restricts the flavor symmetry.
Real mass and FI parameters
In addition to dynamical vector multiplets, one can turn on background vector multiplets
which couple to the flavor symmetries of the theories. We should think of these background
fields as classical, taking fixed values which appear as parameters in the action. In order
to preserve supersymmetry, these background fields must be in configurations which would
be acted on trivially by the supersymmetry transformations if these were dynamical fields.
These are often called “BPS configurations.” One can check that this imposes σ be constant,
and all other vector multiplet fields vanish. For a chiral multiplet with charge q under a global
symmetry, if we couple a background gauge field to this symmetry and set σ = m, one finds
additional terms in the action:
Lchi = ...+ q2m2φ˜φ− iqmψ˜ψ (1.13)
corresponding to a mass qm for the both the bosonic and fermionic excitations. This also
modifies the supersymmetry transformations giving:
δψ = ...+
√
2iqmφζ˜, δF = ...−
√
2iqmζ˜ψ (1.14)
Turning on a real mass parameter shifts the central charge Z → Z + mF , where F is the
corresponding flavor symmetry charge, and so modifies the commutation relations through
(1.1).
If the gauge group is U(1), then the field strength Fµν can be used to define a conserved
current:
Jµtop = ?F
µ (1.15)
This is conserved as a result of the Bianchi identity for Fµν . The charged objects of this
symmetry are monopole operators, and the charged excitations are vortices (see, e.g., [4]).
To gauge this symmetry with a vector multiplet V ′, we write the supersymmetric completion
of the linear coupling A′µJ
µ
top = 
µνρA′µ∂νAρ, which is an off-diagonal Chern-Simons term:
5
i2pi
(µνρAµ∂νA
′
ρ + iDσ
′ + iσD′ + λ˜λ′ + λ˜′λ) (1.16)
To turn on a real mass for this symmetry, we can take this to be a background vector
multiplet with a constant value for the scalar σ′ = ζ, which gives rise to a Fayet-Iliopoulos
(FI) term:
LFI = − 1
2pi
ζD (1.17)
More generally, we can allow an FI parameter for any U(1) factor of G. Namely, if we let λa
run over a basis of Weyl-invariant weights of G, the most general FI term is given by:
LFI = − 1
2pi
∑
a
ζaλa(D) (1.18)
U(1)R symmetry and superconformal symmetry
The N = 2 algebra includes a U(1) symmetry rotating the supercharges Q → eiαQ and
Q† → e−iαQ†. For a free theory, the U(1)R symmetry acts on the fields as:
φ→ eiα/2φ, ψ → e−iα/2ψ, F → e−3iα/2F, λ→ eiαλ (1.19)
We will refer to this as the UV R-symmetry, as it corresponds the free UV fixed point
of a 3d gauge theory. In general, we can define a new U(1)R symmetry by adding to it
some U(1) flavor symmetry, i.e., a symmetry which commutes with the superalgebra (and
so acts on all fields in a given multiplet identically). This does not affect the action of the
symmetry on the supercharges, but shifts the R-charges of all chiral multiplet fields charged
under the symmetry. When we consider a generic interacting Lagrangian, our choices of
U(1)R symmetry may be limited if some symmetries are broken, or the R-symmetry may be
explicitly broken, e.g., by a superpotential.
As mentioned above, one can construct Chern-Simons-matter theories which are exactly
conformal. More generally, since the Yang-Mills term is relevant, non-conformal gauge theo-
ries in three dimensions will typically flow to non-trivial superconformal field theories. Such
theories are invariant under a larger osp(2|2, 2) superalgebra, whose bosonic subalgebra in-
cludes the so(3, 1) conformal algebra and u(1) R-symmetry. In a superconformal theory,
there is a privileged choice of R-symmetry, determined by the condition that its current sits
in the same superconformal multiplet as the traceless stress-energy tensor. In a generic the-
ory, the superconformal R-charges of the basic fields are irrational numbers, and are difficult
to compute a priori. We will see in section 6 that the 3-sphere partition function gives a tool
for computing these charges directly.
Extended Supersymmetry
We can also consider theories which have additional supersymmetry, namely, N real
spinor supercharges, Qaα, a = 1, ...,N for N > 2. For our purposes such theories can always
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be treated as N = 2 theories by picking a distinguished N = 2 subalgebra and treating
them as N = 2 theories with a specialized field content and action. However, theories with
N ≥ 3 supersymmetry enjoy more robust non-renormalization properties. For example,
their superconformal U(1) R-symmetry is the UV R-symmetry, a consequence of the fact
that the U(1) R-symmetry sits inside a larger non-abelian group, SO(N ), and so cannot be
mixed with a U(1) flavor symmetry.4
The most important example will be N = 4 supersymmetry, which can be obtained by
reduction from 4d N = 2 supersymmetry. Here the field content can be organized into
hypermultiplets, which consists of a pair of chiral multiplets, (q, q˜), in conjugate represen-
tations of the gauge and flavor symmetry groups, and vector multiplets, which consist of a
N = 2 vector multiplet and an adjoint chiral multiplet Φ. The actions are constrained to
have the canonical kinetic terms, and a superpotential coupling:
W = q˜Φq (1.20)
With both a Yang-Mills and Chern-Simons term, one can only realize N ≤ 3 supersym-
metry. However, with only a Chern-Simons term, one can find theories with large amounts of
supersymmetry, such as the N ≥ 4 theories of Gaiotto-Witten [8], and the N ≥ 5 ABJ(M)
theories [9, 10] and related N = 8 BLG theories [11, 12].
2 Supersymmetry on the 3-sphere
Many interesting results about three dimensional theories with N = 2 and higher super-
symmetry have been obtained by studying the theories in flat space. In this article, our
goal will be to study these theories on compact curved manifolds. One reason to do this
is that on a compact manifold, the partition function of the theory is a finite, well-defined
observable. We will see below that in many cases, this observable can be computed exactly,
even in strongly coupled theories. These partition functions can then be related to certain
information about the flat space theory, and so these exact results will give us a powerful
tool for studying these theories.
In order to begin we need to write down actions for these theories on curved spacetimes,
and it will be crucial that these actions preserve some supersymmetry. One way to proceed
is to topologically twist the theories, a` la Witten [2], which gives rise to a scalar supercharge
which can be preserved on a generic manifold. To obtain a scalar supercharge in 3d, we need
at least an SO(3) R-symmetry, and so N ≥ 3 supersymmetry, and this leads to the theories
studied, e.g., in [13].
An alternative approach is to restrict our attention to conformal field theories. These
can then be conformally mapped from R3 to any conformally flat space. In the case of a
supersymmetric theory, the conformal algebra combines with the supersymmetry algebra to
form the larger superconformal algebra, and this will be preserved on any such conformally
flat background. With this motivation we first consider to the case of the round 3-sphere,
4This may fail to be true if the theory is “bad” in the sense of [7].
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which can be conformally mapped to R3, e.g., by stereographic projection. Superconformal
invariance will motivate us to write an action on S3 which preserves some supersymmetry,
following [14].
However, we will see that this approach is quite limited, and requires some ad hoc rea-
soning to find a consistent action of supersymmetry on the fields. A more general picture
has emerged, using supergravity, in which one finds a much larger class of geometries on
which one can place theories supersymmetrically. In the present case, this construction can
be thought of as performing a partial topological twist using the U(1)R symmetry of the
N = 2 algebra, which can produce a scalar supercharge when one is able to reduce the
structure group of the tangent bundle to U(1). The round sphere background is then a
special case of this more general construction. After reviewing some relevant aspects of the
general construction, we apply it to a set of manifolds which are topologically 3-spheres
but with non-round metrics, so-called “squashed spheres,” and describe the supersymmetric
backgrounds one can define here.
2.1 Round sphere
Given a conformally invariant theory in flat space, there is a unique way to couple it to
a conformally flat manifold while preserving conformal invariance. For a superconformal
theory, this coupling will also preserve the superconformal invariance. As a simple example,
if we take the free chiral multiplet, the conformally coupled action is:
S =
∫ √
gd3x
(
∂µφ˜∂
µφ+
R
8
φ˜φ− iψ˜γµ∇µψ − F˜F
)
(2.1)
where R is the Ricci scalar5 of the metric gµν . One finds that this is invariant under the
following superconformal symmetries:
δφ =
√
2ζψ,
δψ =
√
2ζF −
√
2iγµζ˜∂µφ−
√
2i
3
γµ(∇µζ˜)φ,
δF = −
√
2iζ˜γµ∇µψ (2.2)
provided that ζ and ζ˜ are “Killing spinors,” i.e., they satisfy:6
∇µζ = γµζ ′, (2.3)
and similarly for ζ˜, where one computes ζ ′ = 1
3
γµ∇µζ. This equation has the important
property of being conformally covariant: under a rescaling g → e2Ωg of the metric, we can
5We use a convention where the Ricci scalar curvature of the round S3 is positive, namely, R = 6`2 , where
` is the radius.
6Solutions to this equation are sometimes called “conformal Killing spinors” or “twistor spinors,” while
the term “Killing spinors” is sometimes reserved for those spinors with ζ ′ proportional to ζ. For ease of
language we will refer to solutions of (2.3) (and its generalization in (2.15) below) simply as Killing spinors.
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rescale a Killing spinor as ζ → eΩ/2ζ to get a Killing spinor for the new geometry. In flat
space, there are 4 independent solutions: taking ζ constant reproduces the supersymmetry
transformations in (1.3), and taking ζ = xµγµζo for ζo constant gives the special superconfor-
mal symmetries. Letting ζ and ζ˜ run over these solutions, we see that there are 8 independent
superconformal symmetries, which generate the superconformal algebra osp(2|2, 2). Using
the conformal covariance, this holds also on an arbitrary conformally flat background.
For the gauge multiplet, recall that the Yang-Mills term is not conformally invariant in
3 dimensions. However, the Chern-Simons term is conformal (in fact, topological), and can
be written on an arbitrary manifold:
LCS = i
4pi
TrCS(
µνρ(Aµ∂νAρ +
2i
3
AµAνAρ) + 2iDσ + 2λ˜λ) (2.4)
This is invariant under the transformations:7
δAµ = −i(ζγµλ˜+ ζ˜γµλ)
δσ = −ζλ˜+ ζ˜λ
δλ = (iD − i
2
µνργρFµν − iγµDµσ)ζ − 2i
3
σγµ∇µζ
δλ˜ = (−iD − i
2
µνργρFµν + iγ
µDµσ)ζ˜ +
2i
3
σγµ∇µζ˜
δD = ζγµDµλ˜− ζ˜γµDµλ− [ζλ˜, σ]− [ζ˜λ, σ]− iVµ(ζγµλ˜+ ζ˜γµλ)+ 1
3
(∇µζγµλ˜−∇µζ˜γµλ) (2.5)
It is straightforward to modify the action and SUSY transformation of the free chiral mul-
tiplet to couple it to a gauge multiplet while preserving superconformal invariance; we will
summarize these below in a more general context.
These supersymmetries generate the superconformal algebra osp(2|2, 2). Demanding an
action which preserves the full superconformal algebra explicitly is very restrictive, and
excludes many interesting superconformal theories which we can only obtain by RG flow
from a non-conformal UV description. We can get further by relaxing the condition that we
preserve the full superconformal algebra, and preserve only a subalgebra.
To see how this works, let us now specialize to the round S3, of radius `.8 This space
is conformally flat, being conformally mapped to flat space by the stereographic projection,
and so we expect to be able to place superconformal theories on this geometry.
First let us find the Killing spinors. It is convenient to recall that S3 is the group
manifold of SU(2), and so is acted on by left- and right-multiplication, which gives rise to
7In fact, the action is invariant under these transformations not only when ζ and ζ˜ are Killing spinors, but
for arbitrary spinors, which is related to the infinite dimensional diffeomorphism symmetry of this action.
Since we will typically be interested in gauge theories coupled to matter, we will always impose the spinors
are Killing spinors.
8We could work in units where the radius of the sphere, `, is one, but it will be instructive to keep track
of it.
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the SU(2)left × SU(2)right isometry group. Then we can take a vielbein, elefti , i = 1, 2, 3,
which is invariant under left-multiplication. In this basis the spin-connection is ωijk =
1
`
ijk,
and the spinor covariant derivative is:
∇iζ = ∂iζ − i
2`
γiζ (2.6)
Thus taking ζ to be constant in this basis, one finds two linearly independent solutions to
(2.3) with ζ ′ = − i
2`
ζ. There are two other solutions with ζ ′ = i
2`
ζ which can similarly be
seen using a right-invariant vielbein.
Let us now declare that we are only interested in the subalgebra of the superconformal
algebra generated by the left-invariant Killing spinors. These generate the superalgebra
osp(2|2), whose bosonic subalgebra consists of the su(2)left isometry and the u(1)R symmetry.
The SU(2)right symmetry commutes with these generators, and so the global symmetry
algebra is osp(2|2)× su(2)right. In particular, this algebra does not contain dilatations, and
so we might hope to find scale non-invariant actions. Indeed, letting ζ be one of the left-
invariant Killing spinors and ζ˜ its adjoint, one can compute that (up to total derivatives):
δζδζ˜Tr(
1
2
λ˜λ+ iσD) = (2.7)
= (ζζ˜)Tr
(
1
4
F µνFµν +
1
2
DµσDµσ − 1
2
(D +
i
`
σ)2 − iλ˜γµDµλ− 1
2`
λ˜λ+ iλ˜[σ, λ]
)
Which is a curved-space analogue of the Yang-Mills action (1.11), and reduces to it as `→∞.
This action is manifestly invariant under the two left-invariant supersymmetries.9 Note that
it explicitly breaks scale-invariance. In particular, this action must not be invariant under
the two right-invariant supersymmetries, since if it were it would be invariant under the full
superconformal algebra which they generate.
Once we sacrifice full conformal invariance, we can also try to construct non-conformally
coupled actions for the scalars. In [15, 16] such actions were found which assign to a chiral
multiplet a general R-charge r (the case r = 1
2
corresponding to the conformally coupled
chiral):
Lchi = Dµφ˜Dµφ+ φ˜(σ2 + i(2r − 1)
`
σ +D +
r(2− r)
`2
)φ
− iψ˜γµDµψ − iψ˜(σ + i
`
(r − 1
2
))ψ +
√
2i(φ˜λψ + ψ˜λ˜φ)− F˜F (2.8)
This is preserved by:
δφ =
√
2ζψ,
δψ =
√
2ζF −
√
2iγµζ˜Dµφ+
√
2iσφζ˜ −
√
2
r
`
ζ˜φ,
9Namely, this follows from the fact that δ2ζ = 0 and {δζ , δζ˜} is a translation, which preserves the quantity
inside the trace, up to a total derivative.
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δF = −
√
2iζ˜γµDµψ −
√
2iσζ˜ψ + 2iζ˜λ˜φ+
√
2
`
(r − 1
2
)ζ˜ψ (2.9)
One computes that these transformations realize the algebra:
δ2ζ = δ
2
ζ˜
= 0, {δζ , δζ˜}ϕ = −i(vµDµ)ϕ+
1
`
Rϕ (2.10)
where vµ = ζ˜γµζ generates an infinitesimal SU(2)left rotation, and R is the R-charge, i.e.,
acting as r for φ, r−1 for ψ, and r−2 for F . Note these reduce to the flat space gauge-coupled
chiral multiplet action and supersymmetry algebra as `→∞.
Let us summarize what we have done so far. We have found an action on a round 3-sphere
which preserves some superalgebra, namely, osp(2|2)× su(2)right. If our theory happened to
be conformal, this sits inside the larger osp(2|2, 2) superconformal algebra, but we need not
restrict to conformal theories. However, suppose we place the theory on a very large S3, such
that 1
`
is much larger than any relevant scale in the flat space theory. We have seen that the
actions above are then well-approximated by the flat space actions. Thus as we undergo RG
flow, the theory will flow very close to the flat space IR superconformal fixed point before it
feels the effects of the non-zero curvature. But then we are effectively coupling a conformal
theory to the curvature of S3, and so, provided the osp(2|2) action we have chosen in the
UV properly sits inside the superconformal osp(2|2, 2) group, we will obtain the IR SCFT
conformally coupled to S3 [15].
Distinct osp(2|2) subalgebras differ by mixing the R-symmetry with a U(1) flavor sym-
metry of the theory, so to ensure we are studying the conformally coupled IR SCFT, we
need to pick the R-symmetry to be the privileged U(1)R superconformal symmetry, whose
current sits in the same multiplet as the traceless stress energy tensor. If our theory has
N ≥ 3 supersymmetry, this is just the UV R-symmetry, while in the generic case we will
have to determine these superconformal R-charges somehow (see section 6). But once we do,
we can be sure that the `→∞ limit of any S3 observables we compute correspond to those
we would obtain if we conformally coupled the IR SCFT to S3. As we will see below, the
S3 observables we will compute are typically independent of `, making this correspondence
even more straightforward.
Real masses and FI terms
So far we have discussed mapping a conformal theory to the round S3. However, one can
consider certain deformations which take one away from the conformally mapped action, but
give rise to interesting observables which probe the global symmetries of the theory.
Recall that in flat space we can add a real mass parameter associated to each U(1)
subgroup of the global symmetry by coupling this symmetry to a background U(1) gauge
multiplet and turning on a constant classical background value for the scalar, with all other
fields vanishing. This preserved SUSY because this background was BPS. On S3, we can
similarly couple to a background vector multiplet in a BPS configuration. From (2.5), one can
check that the following configuration is preserved by the supersymmetry transformations:
11
σBG = i`DBG ≡ mˆ
`
= constant (2.11)
where it is convenient to work in terms of a dimensionless parameter mˆ. This modifies the
chiral multiplet Lagrangian as:
Lchi = ...+ q
2mˆ2 + 2i(r − 1)qmˆ
`2
φ˜φ− iqmˆ
`
ψ˜ψ (2.12)
As in flat space, since the gauge scalar appears in the supersymmetry transformations of
the chiral multiplet, such a term modifies these transformations, giving rise to a central
extension of the algebra (2.10).
Note that for large `, the Lagrangian (2.12) goes over to the flat space chiral multiplet
Lagrangian with a real mass mˆ/` (1.13). In particular, to get a finite real mass in the `→∞
limit, one must scale mˆ with `. We will return to this issue in section 6.
Similarly, one can turn on a background vector multiplet coupled to the U(1)J symmetry
of a dynamical U(1) gauge field. This gives rise to a term:
LFI = 1
2pi
(−Dζˆ
`
+ iσ
ζˆ
`2
) (2.13)
which is the S3-analogue of the FI-term in flat space (1.17), and approaches it in the `→∞
limit.
2.2 Supersymmetry on general 3-manifolds
In writing supersymmetric actions on the round sphere, we were initially motivated by
superconformal invariance, but were soon led to consider non-conformally-invariant actions.
Moreover, finding supersymmetric actions and transformation laws of the fields involved
some guesswork. Once we allow such actions, one can ask whether we might also work on
non-conformally-flat geometries, and whether there is a systematic method for constructing
supersymmetric backgrounds on such manifolds. This was found to be the case in a series
of papers, starting with [17]. The basic philosophy is to look for background, off-shell
configurations of certain supergravity theories which preserve some rigid supersymmetry, and
which can be coupled to quite general supersymmetric field theories via a certain multiplet
containing the stress-energy tensor. We refer to the accompanying article in Contribution
[18] for a more in-depth discussion of this program.
The present case of interest, that of three dimensional N = 2 theories with a U(1)R
symmetry, was considered in [5]. They found that the appropriate supergravity theory
is the three dimensional “new minimal” formalism, and found conditions under which a
given background admits rigid supersymmetries. To describe these supergravity backgrounds
explicitly, let us review the field content of new minimal supergravity in three dimensions.
The fields are:
metric gµν , R-symmetry gauge field A
(R)
µ , 2-form gauge field Bµν ,
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central charge symmetry gauge field Cµ, gravitino ψµ, ψ˜µ (2.14)
We will often work in terms of the (Hodge duals of the) field strengths, H = i
2
µνρ∂µBνρ,
V µ = −iµνρ∂νCρ. To have a rigid supersymmetry, we must find backgrounds which admit
supersymmetry transformations such that δψµ = 0, which gives the conditions:
(∇µ − iA(R)µ )ζ = −
1
2
Hγµζ − iVµζ − 1
2
µνρV
νγρζ
(∇µ + iA(R)µ )ζ˜ = −
1
2
Hγµζ˜ + iVµζ˜ +
1
2
µνρV
νγρζ˜ (2.15)
where ζ and ζ˜ have R-charge 1 and −1, respectively. We will also refer to solutions to this
equation, which generalizes (2.3),10 as Killing spinors.
The existence of a solution to one of these equations on a manifold was shown to be
equivalent to the manifold admitting a transversally holomorphic fibration, which is an odd-
dimensional analogue of a complex structure. In this article we will specialize to the case
where there exists solutions to both equations, i.e., two Killings spinors, ζ and ζ˜, of opposite
R-charge. This further implies that the combination:
Kµ = ζγµζ˜ (2.16)
is a nowhere-vanishing Killing vector. Conversely, if the manifold admits a nowhere vanishing
real11 Killing vector, then one can construct a background preserving two supercharges of
opposite R-charge. Namely, if such a Killing vector exists, then we can find local coordinates
(ψ, z, z¯) such that the metric locally takes the form:
ds2 = Ω(z, z¯)2(dψ + a)2 + c(z, z¯)dzdz¯ (2.17)
where a = az(z, z¯)dz + a¯z¯(z, z¯)dz¯ and K
µ = ∂
∂ψ
. We can cover the manifold by such charts
which are related by ψ′ = ψ + α(z, z¯), z = β(z), z¯ = β¯(z¯), with α real and β holomorphic.
Then the supergravity background fields and Killing spinors can be written explicitly in
terms of Kµ and these adapted coordinates. While this holds in general, we will make one
simplifying assumption, which will be satisfied in all the examples we consider, which is that
Ω(z, z¯) = 1, which amounts to requiring ||K||2 = 1. Note this can always be arranged by a
conformal transformation, and this turns out not to affect any supersymmetric observables
[19], so there is not much loss in making this assumption. With this assumption, we can
take the following vielbein:
e1 − ie2 = c(z, z¯)dz, e1 + ie2 = c(z, z¯)dz¯, e3 = dψ + a (2.18)
and the spin connection is given by:
ω12 = −ω21 = Fae3 + ω(2d)12 , ω23 = −ω32 = −Fae1, ω31 = −ω13 = −Fae2 (2.19)
10Namely, this is essentially the generalization of (2.3) where ζ is a section of a line bundle with connection
A(R).
11The case of a complex Killing vector is more restrictive, and we will discuss an example in section 5.
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where we have defined Fa(z, z¯) = 2i(∂z¯az−∂zaz¯), which is independent of the choice of chart,
and ω
(2d)
12 is the spin connection associated to the 2d metric c
2dzdz¯. Then one can check that
if we take:
h = iFa, V
µ = 0, A(R) = Fae3 +
1
2
ω
(2d)
12 (2.20)
Then the Killing spinor equations (2.15) are solved by simply taking:
ζ =
(
1
0
)
, ζ˜ =
(
0
1
)
, (2.21)
Let us record here the SUSY transformations of the gauge and chiral multiplets on a
general background, which we will use in the examples below. For the gauge multiplet we
find:
δAµ = −i(ζγµλ˜+ ζ˜γµλ)
δσ = −ζλ˜+ ζ˜λ
δλ = (i(D + σH)− i
2
µνργρFµν − iγµ(Dµσ + iVµσ))ζ
δλ˜ = (−i(D + σH)− i
2
µνργρFµν + iγ
µ(Dµσ − iVµσ))ζ˜
δD = Dµ(ζγ
µλ˜− ζ˜γµλ)− [ζλ˜, σ]− [ζ˜λ, σ]− iVµ(ζγµλ˜+ ζ˜γµλ)−H(ζλ˜− ζ˜λ) (2.22)
and for a chiral multiplet of R-charge r we find:
δφ =
√
2ζψ,
δψ =
√
2ζF −
√
2iγµζ˜Dµφ+
√
2iσφζ˜ + r
√
2iHζ˜φ,
δF = −
√
2iDµ(ζ˜γ
µψ)−
√
2iσζ˜ψ + 2iζ˜λ˜φ−
√
2i(r − 2)Hζ˜ψ (2.23)
Here the covariant derivative Dµ is defined by:
Dµ = ∇µ − iAµ − iRA(R)µ (2.24)
and these realize the algebra su(1|1):
δζ
2 = δζ˜
2 = 0, {δζ , δζ˜} = L′K +Rhζζ˜ (2.25)
where R is the R-charge of the field being acted on, and L′K is a R-symmetry covariant Lie
derivative along Kµ.
One can write supersymmetric Lagrangians for the gauge multiplet and chiral multiplet,
analogous to the chiral D-term and Yang-Mills term above. These are given by:12
δζδζ˜(
1
2
ψ˜ψ + iφ˜σφ+ iH(r − 1)φ˜φ) = (ζζ˜)Lchi (2.26)
12Here Dµ = Dµ + ir0Vµ, where r0 is the UV R-symmetry generator.
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Lchi = Dµφ˜Dµφ+ φ˜(σ2 + r
4
R +
1
2
(r − 1
2
)V µVµ + r(r − 1
2
)H2 + 2H(r − 1
2
)σ +D)φ
− iψ˜γµDµψ − iψ˜(σ + (r − 1
2
)H)ψ +
√
2i(φ˜λψ + ψ˜λ˜φ)− F˜F (2.27)
δζδζ˜Tr(
1
2
λ˜λ+ iσD) = (ζ˜ζ)LYM (2.28)
LYM = Tr
(
1
4
F µνFµν +
1
2
DµσDµσ − 1
2
(D + σH)2 +
i
2
σµνρVµFνρ − 1
2
V µVµσ
2
− iλ˜γµ(Dµ + i
2
Vµ)λ+
i
2
Hλ˜λ+ iλ˜[σ, λ]
)
(2.29)
Just as on the round sphere, one can also turn on supersymmetric real mass and FI
terms by coupling background vector multiplets in appropriate BPS configurations. We will
describe these in more detail in the examples below.
2.3 Squashed 3-sphere
From the previous section, it is clear that the round sphere background should admit a large
set of deformations of its metric and other background fields while still preserving some
supersymmetry. These deformations of the metric lead to spaces which are often referred
to as “squashed spheres,” or “ellipsoids.” There are infinitely many distinct ways one can
supersymmetrically squash the sphere, and many have been discussed in the literature (see,
e.g., [20, 21, 22, 23]). However, it turns out that these can all be labeled by a single
complex parameter, usually called b, the “squashing parameter,” such that the partition
function and supersymmetric observables depend on the background only through b. This
was studied systematically in [19], where it was shown that deformations of the background
which preserve b only affect the action by a Q-exact term in the action, and so do not affect
supersymmetric observables.13
A simple way to construct supersymmetry-preserving geometries which are topologically
3-spheres is by using the Hopf fibration, i.e., exhibiting it as a U(1) fibration, with metric:
ds2 = (dψ + a)2 + c2dzdz¯ (2.30)
where now ψ ∼ ψ + 2pi, c2dzdz¯ is any smooth metric on S2, and a is a connection on S2
with Chern number 1. In this case the integral curves of K = ∂ψ are the fibers of the
13See also [24] for an alternative approach, using three dimensional topological gravity, to constructing
supersymmetric backgrounds and determining which geometric parameters supersymmetric observables may
depend on.
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Hopf fibration. However, it turns out that these geometries all give the same answer for
supersymmetric observables as the round sphere. Note one can define such backgrounds for
general fibrations over general Riemann surfaces, as considered in [25, 26].
A more general answer can be obtained if we consider metrics on S3 which admit two
independent isometries. To construct such metrics, let us define coordinates (χ, θ, φ) by:
z1 = cosχe
iϕ, z2 = sinχe
iθ (2.31)
which parameterize the subset S3 ⊂ C2 defined by |z1|2 + |z2|2 = 1. Here χ ∈ [0, pi2 ],
ϕ ∼ ϕ + 2pi, and θ ∼ θ + 2pi. These are called “toroidal coordinates,” as the surfaces of
constant χ are tori swept out by θ and φ, where at χ = 0 (respectively χ = pi
2
), the cycle
corresponding to ϕ (respectively θ) degenerates, and the torus degenerates to a circle (see
Figure 1). The round sphere metric in these coordinates is:
ds2 = `2(dχ2 + cos2 χ dϕ2 + sin2 χ dθ2) (2.32)
Figure 1: The (squashed) sphere in toroidal coordinates, cut open along the torus at χ = pi
4
.
Let us consider a more general metric which preserves a U(1) × U(1) subgroup of the
SU(2)× SU(2) isometry of the round sphere. We take:
ds2 = f(χ)2dχ2 + `1
2 cos2 χdϕ2 + `2
2 sin2 χdθ2 (2.33)
Here `i are constants, and f is an arbitrary smooth positive function on [0,
pi
2
], with the only
restriction that f(χ = 0) = `1 and f(χ =
pi
2
) = `2, as otherwise the space will have conical
singularities along these circles. We will see below that the supersymmetric observables on
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this space depend only on the “squashing parameter” b, defined by:14
b ≡
√
`1/`2 (2.34)
In particular, they are essentially independent of the function f(χ).
A general Killing vector on this space has the form α∂ϕ+β∂θ for constants α, β. In order
to use the supergravity background derived above, we demand that that the norm of K be
constant, i.e.:
||K||2 = α2`12 cos2 χ+ β2`22 sin2 χ = constant (2.35)
This imposes β/α = `1/`2 = b
2, and so we find a suitable Killing vector is:
K = `1
−1∂ϕ + `2
−1∂θ (2.36)
Then we can locally write the metric in the form (2.17) by defining local coordinates (here
z = x+ iy, z¯ = x− iy):
x =
∫ x
xo
f(χ)
sinχ cosχ
dχ, y = −`2ϕ+ `1θ, ψ = `1ϕ cos2 χ+ `2θ sin2 χ (2.37)
and one can check that the metric (2.33) can be written:
ds2 = (dψ + a)2 + c(z, z¯)dzdz¯ (2.38)
Where the 1-form a and scalar c are given by (writing these in toroidal coordinates for
simplicity):
a = 2(−`1ϕ+ `2θ) sinχ cosχdχ, c = sinχ cosχ (2.39)
One can check that they are independent of ψ and dψ, and that ∂ψ = K. Then, from (2.18),
we take the vielbein:
e1 = f(χ)dχ, e2 = −`2dφ+ `1dθ, e3 = `1dφ cos2 χ+ `2dθ sin2 χ (2.40)
Note that, for general b, the coordinate ψ is not periodic, i.e., this metric is not compatible
with an S1 fibration. The integral curves of K do not close at generic χ unless b2 = p/q is
rational, in which case they give rise to (p, q) torus knots. However, for all b, the integral
curves of K at χ = 0, pi
2
are circles, and we will see below that one can insert supersymmetric
loop operators along these circles.
Now we can use the machinery introduced in the previous section to write supersymmetric
actions on this space. From (2.20), we compute
H =
i
f
, Vµ = 0, A
(R) =
1
2
(1− `1
f
)dϕ+
1
2
(1− `2
f
)dθ (2.41)
Here we have have performed an R-symmetry gauge transformation to ensure that A
(R)
µ is
everywhere regular. In this gauge, the Killing spinors are given by:
14Here we require b to be real, but one can find more general supersymmetric backgrounds corresponding
to complex b [27].
17
ζ = ei(ϕ+θ)/2
(
1
0
)
, ζ˜ = e−i(ϕ+θ)/2
(
0
1
)
, (2.42)
Note that for the round sphere, f(χ) = `1 = `2 = `. Then H =
i
`
and A(R) vanishes, and
one can check that the SUSY transformations and actions reproduce those we found in section
2.1, giving rise to one of the left-invariant Killing spinors and its conjugate. The existence of
two additional Killing spinors, and the larger osp(2|2) algebra, is a consequence of the extra
symmetry of the round sphere. One can also construct squashed sphere backgrounds which
preserve four supercharges [20, 21], but we will not consider them here.
3 Localization of the partition function on the 3−sphere
In the previous section we found actions for a 3d N = 2 theories on a general squashed
sphere background which reduce to the flat space actions as the radius ` of the sphere was
taken to infinity, and preserve a deformed supersymmetry algebra for all `. In this section
we will put these actions to work, and use them to compute exact, non-perturbative results
in strongly coupled quantum field theories. Although we will study the theories on curved,
compact backgrounds, we will see these results also teach us about the theories in flat space.
The fact that we are working on a compact space opens up the possibility to consider
the partition function, i.e., the (unnormalized) path integral with no operator insertions,
as a well-defined observable in the theory. As we will see below, the partition function is a
very rich observable, with many physical applications. We will also be able to compute the
expectation value of certain supersymmetric operators. In the case of conformal theories on
the round sphere, these expectation values can be related to ones in the flat space theory.
We will study further applications in section 6.
To start, let us pick some flat space 3d N = 2 gauge theory which we would like to study.
This amounts to a choice of the following data:
• A gauge group G. Then the field content will include a vector multiplet in the adjoint
representation of G.
• Representations Ri of G for the chiral multiplets
• Kinetic terms for the vector and chiral multiplets. The latter will always be the canon-
ical one, while for the former we may include the standard Yang-Mills term as well
as...
• A Chern-Simons term defined by some properly quantized trace TrCS on the Lie algebra
g. Here we allow TrCS = 0 if there is no CS term.
• A gauge-invariant superpotential W (Φi) for the chiral multiplets. This superpotential
must preserve a U(1)R symmetry.
18
We have seen in the previous section how to write an action on a 3-sphere of radius `
which preserves some supersymmetry, and reduces to the original flat space action as `→∞.
To do this, we must choose a U(1)R symmetry, which assigns an R-charge ri to the ith chiral
multiplet; at this point this choice is arbitrary, but we will return to this issue below. We
denote this action S, and write it schematically as:
S[Φ] = SYM [Φ] + Schi[Φ] + SW [Φ] + SCS[Φ] (3.1)
where Φ denotes the fields of the theory. Then we would like to compute the Euclidean
signature path-integral:
Z =
∫
DΦe−S[Φ] (3.2)
or more generally, the expectation value of a supersymmetric operator O:
< O >= 1Z
∫
DΦe−S[Φ]O[Φ] (3.3)
As in many articles in this review, the key principle that will allow us to compute these
observables is the localization argument, which we review now. We recall from the previous
section that SYM and Schi are total δζ variations. Thus we can change their coefficients
without affecting these observables, provided that δζO = 0. Thus we consider the deformed
action:
S ′t[Φ] = tSYM [Φ] + tSchi[Φ] + SW [Φ] + SCS[Φ] (3.4)
When we take t very large, since SYM and Schi are positive semi-definite, the path integral
gets contributions only from field configurations near the locus of zero modes of these kinetic
terms:
MBPS = {Φo | SYM [Φo] = Schi[Φo] = 0} (3.5)
These are the saddle points of the path integral in the large t limit. As we will see shortly, this
space is finite dimensional, and in fact, coincides precisely with the set of BPS configurations,
as in (2.11).
Then to find the contribution to the path integral from a region near some fixed Φo we
write:
Φ = Φo + t
−1/2Φ′ (3.6)
and we expand the action to leading order in t−1:
S ′t[Φ] = S
quad
YM [Φo; Φ
′] + Squadchi [Φo; Φ
′] + SW [Φo] + SCS[Φo] +O(t−1) (3.7)
where the superscript “quad” denotes that we consider only the quadratic part of these
actions (treating Φo as a background field), since the higher order terms will be suppressed
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by powers of t−1. The integration over Φ′ for a fixed Φo is a computation in a gaussian
theory, and can be performed explicitly. We define:
Z1−loop[Φo] =
∫
DΦ′e−SquadYM [Φo;Φ′]−Squadchi [Φo;Φ′] (3.8)
It then only remains to perform the finite dimensional integral over the zero-modes Φo:
Z =
∫
MBPS
dΦoe
−SW [Φo]−SCS [Φo]Z1−loop[Φo] (3.9)
< O >= 1Z
∫
MBPS
dΦoO[Φo]e−SW [Φo]−SCS [Φo]Z1−loop[Φo] (3.10)
A priori these expressions are the leading approximations in the large t limit, but since the
answer is independent of t, these approximations are exact for all t, and in particular for our
original action.
Let us now see how these computations go through in detail using the actions we have
derived in the previous section.
3.1 Round S3
We start, as in the previous section, with the relatively simpler case of the round 3-sphere.
Gauge multiplet
Recall from (2.7) that the supersymmetric Yang-Mills term on S3 can be written as:
SYM = δζδζ˜
∫ √
gd3x
1
ζζ˜
Tr(
1
2
λ˜λ+ iσD) =
=
∫ √
gd3xTr
(
1
4
F µνFµν +
1
2
DµσDµσ− 1
2
(D+
i
`
σ)2− iλ˜γµDµλ− 1
2`
λ˜λ+ iλ˜[σ, λ]
)
(3.11)
To make the path-integral well-defined, we should work with the gauge-fixed theory. Thus
we introduce ghosts c, c¯, b and add the ghost action:15
Sg =
∫ √
gd3xTr(Dµc¯D
µc+ b∇µAµ) (3.12)
which imposes the gauge ∇µAµ = 0. The action Sg is invariant under a fermionic BRST
symmetry, δBRST , and one can check that SYM +Sg is exact under the sum of δζ and δBRST ,
so we can add them both to the action without affecting the result of the path-integral.
15Here we should not integrate over the zero mode of c. This can be treated more carefully by introducing
ghosts of ghosts.
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Since (3.11) is written as a sum of squares, we can immediately see the zeros of this
action, or BPS configurations, are given by:
Fµν = 0, Dµσ = 0, D +
i
`
σ = 0 (3.13)
Since H1(S3,R) = 0, the first equation implies that Aµ is pure gauge, and our gauge-fixing
condition imposes that in fact Aµ = 0. The second equation then says that σ is constant.
Thus the BPS configurations are:16
σ = i`D ≡ σˆo
`
= constant (3.14)
These are labeled by an element σˆo of the Lie algebra g of the gauge group. Without loss
we can take σˆo to lie in a Cartan subalgebra h of g.
Next we need to compute the 1-loop determinant from fluctuations around one of these
configurations. Thus we expand:
Aµ = t
−1/2A′µ, σ =
σˆo
`
+ t−1/2σ′, D = − i
`2
σˆo + t
−1/2D′, λ = t−1/2λ′ (3.15)
Here σ′ should be taken to not include its zero mode, as this is accounted for in the integral
over σˆo we will perform in a moment. We plug these into the Yang-Mills action above and
expand to leading order in t−1 to find the quadratic action:
tS ′YM [σo] =
∫ √
gd3xTr
(
1
4
F ′µνF ′µν +
1
2
∂µσ′∂µσ′ − 1
2`2
[A′µ, σˆo]
2 − 1
2
(D′ +
i
`
σ′)2
−iλ˜′γµ∇µλ′ − 1
2`
λ˜′λ′ +
i
`
λ˜′[σˆo, λ′]
)
+O(t−1)
(3.16)
where F ′µν = ∂µA
′
ν − ∂νA′µ.
Now we need to compute the path-integral of this gaussian theory. We decompose the
gauge field as:
A′µ = Bµ + ∂µϕ (3.17)
where Bµ is divergenceless, i.e., ∇µBµ = 0. Then one can check that the integrals over
σ′, ϕ, c and c¯ all give determinants which cancel. Next we expand Bµ and λ′ in a basis Xα
of the Lie algebra, such that [σˆo, Xα] = α(σˆo). The remaining action is then:
∫ √
gd3x
∑
α∈Ad(G)
(
1
2
Bµ−α(−∇2 + 1
`2
α(σˆo)
2)Bµα + λ˜
′−α(−iγµ∇µ + i
`
α(σˆo)− 1
2`
)λ′α
)
16The factor of `−1 in the equation defining σˆo is to make it dimensionless, which will be convenient below.
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(3.18)
and so the 1-loop determinant is given by:
Zgauge1−loop(σo) =
∏
α∈Ad(G)
det(−iγµ∇µ + i`α(σo)− 12`)
det(−∇2 + 1
`2
α(σˆo)2)
(3.19)
where in the denominator the operator is understood to act on divergenceless vector fields.
To compute these determinants, we note that the scalars, spinors, and vectors on the
round S3 fall into the following representations of the SU(2)left×SU(2)right isometry group:
scalars ⊕j≥0 (j
2
,
j
2
), ∇2 eigenvalue→ 1
`2
j(j + 2)
spinors ⊕j≥0 (j
2
,
j + 1
2
)⊕ (j + 1
2
,
j
2
), iγµ∇µ eigenvalue→ ±1
`
(j +
3
2
)
divergenceless vectors ⊕j≥0 (j
2
,
j + 2
2
)⊕ (j + 2
2
,
j
2
), ∇2 eigenvalue→ 1
`2
(j + 2)2
(3.20)
Thus we find (canceling factors of `):
Zgauge1−loop(σo) =
∏
α∈Ad(G)
∞∏
j=0
((−j − 2 + iα(σˆo))(j + 1 + iα(σˆo)))(j+1)(j+2)
(α(σˆo)2 + (j + 2)2)(j+1)(j+3)
(3.21)
Many of these eigenvalues cancel, and we end up with:
Zgauge1−loop[σo] =
∏
α∈Ad(G)
∞∏
j=1
(j + iα(σˆo))
j+1
(j − iα(σˆo))j−1
After zeta-function regularization, this can be written as:
Zgauge1−loop(σo) =
∏
α∈Ad(G)
2 sinhpiα(σo)
piα(σo)
(3.22)
The cancellation of most of the eigenvalues is a consequence of the supersymmetry which
acts on the fluctuations about the BPS configuration. We will see it continues to hold even
on the general geometry of the squashed sphere, and in fact will be what ultimately allows
us to evaluate the ratio of determinants of the more complicated operators which will appear
there.
Chiral multiplet
Next we turn to the chiral multiplet. For simplicity, we may take the gauge multiplet fields
to lie in their BPS configurations, since any other configurations will be strongly suppressed
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by the gauge multiplet δ-exact term. We use the kinetic term of the chiral multiplet of
R-charge r from (2.8), for a fixed BPS configuration labeled by σˆo:
Lchi = ∂µφ˜∂µφ+ 1
`2
φ˜(σˆ2o + 2i(r − 1)σˆo + r(2− r))φ− iψ˜γµ∇µψ −
i
`
ψ˜(σˆo + i(r − 1
2
))ψ − F˜F
(3.23)
One can check that this action has no zero modes apart from the trivial one, with all fields
vanishing.17 This action is already quadratic, so all that remains is to compute the path
integral for this gaussian theory. After expanding the modes in a weight basis eρ of the
representation R in which the chiral transforms, we find the partition function is given by:
Zchiral1−loop(σˆo) =
∏
ρ∈R
det(−iγµ∇µ − i`(ρ(σˆo) + i(r − 12)))
det(−∇2 + 1
`2
(ρ(σˆo)2 + 2i(r − 1)ρ(σˆo) + r(2− r))) (3.24)
We can compute the eigenvalues of these operators using (3.20):
Zchiral1−loop(σˆo) =
∏
ρ∈R
∞∏
j=0
(±(j + 3
2
)− iρ(σˆo) + r − 12)(j+1)(j+2)
(j(j + 2) + ρ(σo)2 + 2i(r − 1)ρ(σˆo) + r(2− r))(j+1)2
=
∏
ρ∈R
∞∏
j=0
((j + 1− iρ(σˆo) + r)(−j − 2− iρ(σˆo) + r))(j+1)(j+2)
((j + r − iρ(σˆo))(j + 2− r + iρ(σˆo)))(j+1)2 =
∏
ρ∈R
∞∏
j=0
(j + iρ(σˆo) + 2− r)j+1
(j − iρ(σˆo) + r)j+1
=
∏
ρ∈R
Zrchi(ρ(σˆo)) (3.25)
where we define the 1-loop determinant of a chiral multiplet of R-charge r and coupled to a
background gauge scalar σˆ as:
Zrchi(σˆ) = sb=1(i(1− r)− σˆ) (3.26)
where sb(x) is the double-sine function, defined for general b by:
sb(x) =
∏
m,n≥0
(m+ 1
2
)b+ (n+ 1
2
)b−1 − ix
(m+ 1
2
)b+ (n+ 1
2
)b−1 + ix
(3.27)
For theories with N ≥ 3 supersymmetry, the matter content is organized into hypermul-
tiplets, which are pairs of chiral multiplets with R-charge 1
2
. Here one finds a simplification
using:18
Zr=
1
2
chi (±ρ(σo)) = sb=1(
i
2
± ρ(σˆo)) = 1
2 coshpiρ(σˆo)
(3.28)
17This will also follow from the fact that the fluctuations we will compute in a moment have no zero-modes.
18Here we are only considering flavor symmetries commuting with the full N = 4 superalgebra. One could
also turn on a real mass for the U(1) subgroup of the SO(4) R-symmetry commuting with our chosen N = 2
subalgebra, however, in this case the 1-loop determinants would not simplify.
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In addition, the adjoint chiral multiplet in the N = 4 vector multiplet has R-charge 1, and
one can check that its contribution is trivial.
Classical contribution
Next we must consider the contribution from the original action when we plug in the
BPS configuration, σ = i`D = σˆo
`
, and all other fields vanishing. The original kinetic terms
for the gauge and chiral multiplets do not contribute, since, by construction, they vanish on
the BPS configurations. For the Chern-Simons term, if we plug the BPS configuration into
(2.4), we find:
SCS[σˆo] =
i
4pi
∫ √
gd3xTrCS(2i(
σˆo
`
)(
σˆo
i`2
)) =
ivol(S3)
2pi`3
TrCS(σˆ
2
o) = piiTrCS(σˆ
2
o) (3.29)
where we used vol(S3) = 2pi2`3.
The superpotential term does not directly contribute to the matrix model, since it de-
pends only on the fields in the chiral multiplet, which are zero at the saddle point. However,
it does contribute in an indirect way, by restricting the allowed R-charges and the flavor
symmetry group of the theory.
Background Fields
So far we have considered the action without any mass or FI deformations, however, these
are easily incorporated by recalling that they correspond to background BPS configurations
of vector multiplets coupled to global symmetries.
To incorporate them, let us assume the flavor symmetry group of the theory is H, so
that the total symmetry acting on the chiral multiplets is G × H. Then we can couple
a classical background gauge multiplet to the flavor symmetry group H, and then a real
mass parameter is just a BPS configuration for this gauge multiplet, which is labeled by an
element mˆ of the Lie algebra of H. Thus if we can decompose the chirals into weights (ρ, ω)
of the representation R˜ of G×H in which they sit, we find the 1-loop determinant with the
real mass turned on is: ∏
(ρ,ω)∈R˜
Zrchi(ρ(σˆo) + ω(mˆ)) (3.30)
Similarly, an FI term is a classical background U(1) gauge multiplet which couples to
the dynamical gauge field via an off-diagonal CS term, as in (2.13). Thus it modifies the
classical contribution via a term (in the notation of (1.18)):
SFI = 2piiζˆ
aλa(σˆo) (3.31)
Integration over BPS configurations
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Putting the above pieces together, we see the contribution from a BPS configuration
labeled by σˆo, which we have taken to lie in a Cartan subalgebra h of g, is given by:
e−SCS [σˆo]−SFI [σˆo]Zgauge1−loop(σˆo)Zchi1−loop(σˆo)
= e−piiTrCS(σˆ
2
o)−2piiζˆaλa(σˆo)
∏
α∈Ad(G)
2 sinhpiα(σˆo)
piα(σˆo)
∏
i
∏
(ρ,ω)∈R˜i
Zrichi(ρ(σˆo) + ω(mˆ))
(3.32)
where Ri runs over the irreducible representations of G × H in which the chiral multiplets
lie.
The final step is to integrate over these BPS configurations, i.e., to integrate σˆo over the
Lie algebra g. Using the Weyl integration formula we can reduce this to an integral over
our chosen Cartan subalgebra h. This induces a Vandermonde determinant factor, which
precisely cancels the denominator in the 1-loop contribution of the gauge multiplet, and we
finally arrive at:
ZS3(ηˆ, mˆ) = 1|W|
∫
h
dσˆoe
−piiTrCS(σˆ2o)−2piiζˆaλa(σˆo)
∏
α∈Ad(G)
2 sinhpiα(σˆo)
∏
i
∏
(ρ,ω)∈R˜i
Zrichi(ρ(σˆo)+ω(mˆ))
(3.33)
where |W| is the rank of the Weyl group of G.
R-symmetry
Let us close this section with some comments about the choice of R-symmetry used in
coupling the theory to the sphere. As discussed in section 1, given an R-symmetry, we can
always define a new one by mixing it with a U(1) flavor symmetry of the theory. Note from
(3.26) that the 1-loop determinant of a chiral multiplet is a holomorphic function of σˆ + ir,
i.e., an imaginary shift of σˆ has the same effect as changing the R-charge of the chiral. Then
to implement the mixing of the R-symmetry with a U(1) flavor symmetry corresponding to
a Lie algebra element µˆ ∈ h, we should shift:
mˆ→ mˆ+ iµˆ, (3.34)
as this will shift the R-charges of all chiral multiplets charged under this flavor symmetry
appropriately. In other words, we see that the partition function is naturally a holomorphic
function of the parameter mˆ, with the real and imaginary parts of mˆ determing the real
mass and U(1)R symmetry, respectively.
As discussed in the previous section, in order to compute the S3 partition function of
the conformally mapped IR fixed point of the theory, we must determine the correct super-
conformal R-symmetry. We will see in section 6 how the S3 partition function itself gives a
solution to this problem.
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3.2 Squashed S3
Having successfully computed the partition function on the round sphere, let us consider the
more general geometries discussed in section 2.3, which we recall are defined by a metric:
ds2 = f(χ)2dχ2 + `1
2 cos2 χdϕ2 + `2
2 sin2 χdθ2 (3.35)
Here the philosophy will be very much the same: we deform the action by a δ-exact term
which localizes the path-integral to a finite dimensional space of configurations. We will
see the space we localize to is essentially the same as on the round S3. However, although
this reduces us to a gaussian theory, we must compute the spectrum of differential oper-
ators on this general background, which is a difficult problem. However, we will see that
supersymmetry again helps to make this calculation quite tractable.
The first step is to determine the space of BPS configurations. From (2.29), noting that
V µ = 0 on the squashed sphere background, we find the bosonic piece is:
LYM,bos = Tr
(
1
4
F µνFµν +
1
2
DµσDµσ − 1
2
(D + σH)2
)
(3.36)
Similarly to the round sphere, the zeros of this action are constant values for σ and D,
labeled by a Lie algebra element σˆo:
σ = −D/H ≡ σˆo
`
= constant (3.37)
where we have defined ` =
√
`1`2, and we recall H = −i/f . As on the round sphere, the
chiral multiplet does not contribute additional zero modes.
Let us now compute the 1-loop determinants for such a BPS configuration.
Chiral Multiplet
This time we will start with the chiral multiplet. The chiral kinetic term, expanded about
the BPS configuration for the gauge multiplet labeled by σˆo, is:
Lchi = ∂µφ˜∂µφ+ 1
`2
φ˜(σˆ2o +
r
4
Rˆ + r(r − 1
2
)H2 + 2Hˆ(r − 1)σˆo)φ
− iψ˜γµ∇µψ − i
`
ψ˜(σˆo + (r − 1
2
)Hˆ)ψ − F˜F (3.38)
where we defined Hˆ = `H = i`
f
, and Rˆ = `2R, where R is the Ricci scalar associated to the
metric (3.35). The 1-loop determinant is then given by:
Zchi1−loop(σˆo) =
∏
ρ∈R
(
detOF (ρ(σˆo))
detOB(ρ(σˆo))
)1/2
(3.39)
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where:
OB(σˆ) = −∇2 + 1
`2
(σˆ2 +
r
4
Rˆ + r(r − 1
2
)H2 + 2Hˆ(r − 1)σˆ)
OF (σˆ) = −iγµ∇µ − i
`
(σˆ + (r − 1
2
)Hˆ) (3.40)
The determinants of these operators on such a general background as the one we are
considering here would be quite difficult to compute. However, supersymmetry turns out to
pair many of the bosonic and fermionic modes, leading to a large cancellation in (3.39), and
so we need only to find the unpaired modes [20, 28, 29].
To see how this works, it is useful to reorganize the fields in the chiral multiplet as:
ϕe ≡ φ ϕ′e ≡ 2(ζ˜ζ)F − 2iζ˜γµζ˜Dµφ
ϕo ≡
√
2ζ˜ψ, ϕ′o ≡
√
2ζψ (3.41)
Then, defining Q = δζ + δζ˜ , the supersymmetry transformations can be summarized as:
Qϕe,o = ϕ′o,e, Qϕ′e,o = Hϕo,e (3.42)
where:
H = Q2 = iKµDµ + iσφ−RH (3.43)
Here ϕe,o take values in the same vector space, which we will denote V0, consisting of scalar
fields on S3b of R-charge r, and similarly ϕe′,o′ take values in V1, consisting of scalar fields of
R-charge r − 2. Now we can write the Q-exact kinetic term as:
Lchi =
(
ϕ˜e ϕ˜e′
)OB ( ϕeϕe′
)
+
(
ϕ˜o ϕ˜o′
)OF ( ϕoϕo′
)
(3.44)
where one can show that:
OB =
( D00 D01
D10 D11H1
)
, OF =
( D00H0 D01
D10 D11
)
(3.45)
where Dab are certain differential operators, and the subscripts are to emphasize which spaces
the operators act on. Supersymmetry implies these operators commute with H, in the sense
that:
[D00,H0] = 0, [D11,H1] = 0, D10H0 = H1D10, D01H1 = H0D01 (3.46)
Now if we decompose:
V0 = kerD01 ⊕ V⊥0 , V1 = cokerD01 ⊕ V⊥1 (3.47)
then D01 acts as an isomorphism between V⊥0 and V⊥1 , and a short linear algebra argument
shows that the contributions from these subspaces cancel in (3.39). Then we are left with:
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Z1−loop =
(detkerD01 (D00H0) detcokerD01 (D11)
detkerD01
(D00) detcokerD01 (D11H1)
)1/2
=
( detkerD01 (H0)
detcokerD01
(H1)
)1/2
(3.48)
Note we have simplified the problem considerably: rather than compute the spectrum of a
second order differential operator on the entire space of fields, we need only compute the
spectrum of the first order differential operator H on the subspace of fields annihilated by
D01 or its adjoint, D10. These are given explicitly by:
D01 = −iζγµζDµ, D10 = iζ˜γµζ˜Dµ (3.49)
Let us look for solutions to D01φ = 0 of the form φ = gm,n(χ)eimϕ+nθ. This gives a first order
ODE for gm,n(χ):
(
`
f
d
dχ
− b sinχ
cosχ
(m− rA(R)θ )−
cosχ
b sinχ
(n+ rA
(R)
φ ))gm,n = 0 (3.50)
which implies that its behavior near χ = 0, pi
2
is:
gm,n(χ) ∼ sinm χ cosn χ (3.51)
Thus regularity of the solutions imposes m,n ≥ 0. One then computes the eigenvalues of H
as:
λm,n =
1
`
(mb+ nb−1 + iσˆ − Q
2
(r − 2)), m, n ≥ 0 (3.52)
where recall b =
√
`1/`2, and Q = b + b
−1. A similar computation for D10, which acts on
modes in the conjugate representation, gives:
λˆm,n =
1
`
(mb+ nb−1 − iσˆ + Q
2
r), m, n ≥ 0 (3.53)
Thus we find:
Zrchi(σˆ) =
∏
m,n
mb+ nb−1 + iσˆ + Q
2
(2− r)
mb+ nb−1 − iσˆ + Q
2
r
= sb(
iQ
2
(1− r)− σˆ) (3.54)
where the double sine function is defined in (3.27).
Another way to compute the ratio (3.39), which was utilized in [28], is to note that it is
closely related to the G−equivariant index of the operator D01:
I = TrkerD01H− TrcokerD10H (3.55)
where G = U(1)ϕ × U(1)θ × U(1)R × G, and H is a particular generator in this group.
This can be computed by the Atiyah-Singer index theorem, and reduces to a computation
at the fixed points of the group action, which are the circles at χ = 0, pi
2
. From this index
28
one can extract the ratio of determinants in (3.39). We refer to [28] for the details of this
computation. Note this implies the results depends only on the details of the differential
operator in the neighborhood of this locus, which gives an explanation for why the ratio of
determinants, and hence the partition function, does not depend on the detailed form of the
metric away from this locus, and in particular on the function f(χ).
Gauge Multiplet
For the gauge multiplet, one can proceed analogously as above, and we refer to [28, 30]
for details. There is also a shortcut to the answer, which we will describe here. First we
mention the useful formula:
Zrchi(σˆ)Z2−rchi (−σˆ) = 1 (3.56)
This is a consequence of the fact that a superpotential term W = XY causes the chirals
X and Y to gain a mass, and so they do not contribute to the low energy theory, and
so must not contribute to the partition function. Such a superpotential mass restricts the
gauge/flavor charges of the two chirals to be opposite, and their R-charges to sum to 2, giving
rise to (3.56). Such a formula holds quite generally for supersymmetric partition functions
of theories with a U(1)R symmetry on various manifolds, and in various dimensions.
Now suppose we have a non-abelian gauge group G. The modes of the vector multiplet
along the Cartan containing σˆo are uncharged, and so contribute a numerical factor. Then,
following [31], we can consider a mode corresponding to a root α. If the gauge group is
Higgsed such that the generator corresponding to α is broken, this mode will eat a chiral
multiplet charged as −α and these will combine to give a massive vector multiplet, which
will not contribute to the index. This chiral multiplet must have no flavor and R-charges.
Thus we have the relation:
Zgauge mode(α(σˆo))Zr=0chi (−α(σˆo)) = 1 (3.57)
which, combined with (3.56), gives:
Zgauge mode(α(σˆo)) = Zr=2chi (α(σˆo)) (3.58)
Again, this formula holds fairly generally for supersymmetric partition functions of theories
with a U(1)R symmetry. On the squashed sphere, since the roots come in positive/negative
pairs, one can write:
Zgauge1−loop(σˆo) =
∏
α∈Ad(G)
Zr=2chi (α(σˆo)) =
∏
α>0
4 sinhpibα(σˆo) sinhpib
−1α(σˆo) (3.59)
Note this correctly reproduces the round sphere gauge multiplet contribution when b = 1.
Classical Contribution and real masses
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As on the round sphere, the only part of the original action which contributes at the BPS
locus is the Chern-Simons term. We find:
SCS[σˆo] =
i
4pi
∫ √
gd3xTrCS(2
1
`3
iHˆσˆ2o) (3.60)
One computes: ∫ √
gd3xiHˆ =
∫
dχdϕdθ`1`2` sinχ cosχ = 2pi
2`3 (3.61)
where we have use iHˆ = `
f(χ)
and `1`2 = `
2. Thus we find, as on the round sphere:
SCS[σˆo] = piiTrCS(σo)
2 (3.62)
One can also introduce real mass parameters and FI terms by turning on BPS configura-
tions for background gauge fields, and they enter the partition function in an analogous way
as for the round sphere. The R-charge of a chiral again appears in a complex combination
with the real mass mˆ, and a shift of the R-symmetry is now implemented by a shift:
mˆ→ mˆ+ iQ
2
µˆ, (3.63)
Putting it together
After collecting the above ingredients and integrating over the BPS configurations labeled
by σˆo using the Weyl integration formula, we arrive at the final answer for the squashed sphere
partition function:
ZS3b (ζˆ , mˆ) =
1
|W|
∫
h
dσˆoe
−piiTrCS(σˆ2o)−2piiζaλa(σˆo)
∏
α>0
4 sinhpibα(σˆo) sinhpib
−1α(σˆo)×
×
∏
i
∏
(ρ,ω)∈Ri
Zrichi(ρ(σˆo) + ω(mˆ))
(3.64)
In particular, note that it depends on the geometry of the sphere only through the parameter
b =
√
`1/`2.
3.3 Operator insertions
In addition to the partition function, we can also include operator insertions in the path
integral, provided they are invariant under the supercharge we have used to localize. In this
way, we can compute the expectation values of supersymmetric operators. On the round
sphere, this setup is conformally equivalent to flat space, and so, provided we properly
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normalize the expectation values by dividing by the partition function, these results also
give the expectation values of supersymmetric operators in the flat space theory.
One choice of supersymmetric operator is the scalar in a chiral multiplet, which we can
see from (2.23) is invariant under δζ˜ . However, this will evaluate to zero on the locusMBPS,
and so have zero expectation value.19 On the other hand, there are interesting loop operators
we can consider.
Wilson loops
First consider the following supersymmetric completion of a Wilson loop:
W = TrSPexpei
∮
γ(A−iσd|x|) (3.65)
where Pexp is the path-ordered exponential, and S is the representation of G in which
we take the trace. This is supersymmetric provided that the quantity in the exponent is
supersymmetric. Using (2.22), one can check:
δζ(Aµ − iσKµ) = 0 (3.66)
Thus this operator is supersymmetric provided γ is an integral curve of the Killing vector
Kµ.
On the round sphere, all the integral curves of Kµ close to give great circles. On a
squashed sphere, recall that:
K ∝ b∂ϕ + b−1∂θ (3.67)
Thus the integral curves close for generic b only at χ = 0 and χ = pi
2
, where either ϕ or θ
degenerate. For b2 = p/q rational, they close also for generic χ, and give (p, q) torus knots.
To compute the expectation value of a Wilson line, we evaluate it on a BPS configuration
and insert this into the integral over MBPS. Taking the loop at χ = 0 for concreteness, we
compute:
W [σˆo] = TrSe
1
`
∮
γ σˆod|x| = TrSe2pibσˆo (3.68)
with the loop at χ = pi
2
contributing a similar factor with b → b−1. Thus a Wilson loop is
computed by including in (3.64) an additional insertion of:
TrSe
2pib±σˆo =
∑
ρ∈S
e2pib
±ρ(σˆo) (3.69)
Vortex loops
19We can also see this from the fact that any gauge-invariant chiral operator has positive R-charge by a
unitarity argument, and so must have zero expectation value.
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In addition to Wilson loops, one can consider vortex loop operators [32, 28]. These can be
defined by coupling a background flavor gauge field in a certain singular BPS configuration.
For example, if we place such a defect at χ = 0, we impose
FBG =
1
`1
αˆ
δ(χ)
χ
, DBG =
i
`1
αˆ
δ(χ)
χ
(3.70)
where αˆ is an element of the Lie algebra of the flavor symmetry. The delta function for FBG
imposes that the background gauge field has a holonomy e2piiαˆ around the loop at χ = 0.
Equivalently, the periodicity of modes of chiral multiplets which are charged under this
symmetry are shifted. For example, a scalar mode transforming in a weight ω of the flavor
symmetry group will have:
φ(χ, ϕ+ 2pi, θ) = e2piiω(αˆ)φ(χ, ϕ, θ),⇒ φ(χ, ϕ, θ) =
∑
m,n
φm,n(χ)e
imϕ+nθ, m− ω(αˆ), n ∈ Z
(3.71)
Since this background is supersymmetric, the same cancellation argument used in section
3.2 holds, and one finds a contribution only from modes in the (co)kernel of Doe. However,
because of the shift in the quantization of m, the eigenvalues are now (considering a mode
with weight ρ under the gauge group and ω under the flavor symmetry group):
λm,n =
1
`
((m+ ω(αˆ))b+ nb−1 + iρ(σˆo)− Q
2
(r − 2)), m, n ∈ Z≥0
λˆm,n =
1
`
((m− ω(αˆ))b+ nb−1 − iρ(σˆo) + Q
2
r) (3.72)
where we use the fact that the modes on the second line are in the conjugate representation,
and so the quantization of m is shifted oppositely. Thus the 1-loop determinant for the chiral
multiplet is modified to:
Z1−loop(σˆo; αˆ) =
∏
(ρ,ω)
sb(
iQ
2
(1− r) + ibω(αˆ)− ρ(σˆo)) (3.73)
One can similarly define a defect loop at χ = pi
2
, which is related by b→ b−1.
A related observable is the supersymmetric Reyni entropy, defined in [33].
4 Lens spaces
In this section we study 3dN = 2 theories on lens spaces. A lens space is a certain Zp quotient
of S3. Namely, if we think of the round S3 as the subset of C2 defined by |z1|2 + |z2|2 = 1,
then the lens space L(p, q), for p, q relatively prime positive integers, is defined by imposing
the relation:
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(z1, z2) ∼ (e2pii/pz1, e−2piiq/pz2) (4.1)
This action is free, and the resulting quotient space is a smooth manifold.
We will restrict our attention to the spaces L(p, 1). In this case, the Zp action is a
subgroup of the SU(2)r isometry group. Since this group commutes with the superalgebra
osp(2|2) preserved on the round sphere, we expect to be able to place theories supersym-
metrically on this space without too much difficulty.
In addition to this Zp quotient of the round sphere, we can also consider the quotient of
the squashed geometries considered above, with metric:
ds2 = f(χ)dχ2 + `1
2 cos2 χdϕ2 + `2
2 sin2 χdθ2 (4.2)
Then we get a space which is topologically L(p, 1) by imposing:
(χ, ϕ, θ) ∼ (χ, ϕ+ 2pi
p
, θ − 2pi
p
) (4.3)
The lens space partition function is an interesting observable for a few reasons. First, it
generalizes the S3b partition function, which is the special case p = 1, and so gives a more
refined observable of a supersymmetric quantum field theory, e.g., leading to richer tests of
dualities [34], and more general dual supergravity geometries [35]. In addition, unlike the
sphere, the lens space has non-trivial topology, and supports non-trivial gauge bundles. This
means that, unlike the S3b partition function, the lens space partition function is sensitive
to issues related to the global structure of the gauge group [36]. Finally, as we will see in
section 6, the sphere, lens space, and S2× S1 partition functions all arise from more a basic
object, called the “holomorphic block,” and studying the lens space partition function can
lead one to a better understanding of this more general picture. Thus let us turn now to the
computation of these partition functions.
4.1 Localization on L(p, 1)
We can use the techniques of the previous sections to place theories supersymmetrically on
these spaces, and compute their partition functions. This problem was studied in [37, 38,
35, 34].
Since these spaces are locally equivalent to the 3-sphere geometries we discussed pre-
viously, and since the supersymmetry transformations and the actions they preserve were
determined by local considerations, we can carry them over to this geometry essentially
unchanged. The localization argument proceeds as above, and we find that the the path
integral localizes to:
Fµν = 0, Dµσ = 0, D +Hσ = 0 (4.4)
On S3 the first equation implied Aµ = 0, but here we must be more careful, since L(p, 1) sup-
ports non-trivial flat connections. Namely, recall that the flat G-connections on a manifold
M are labeled by elements of the set:
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Hom(pi1(M), G)/ conjugation (4.5)
Since the lens space is a free Zp quotient of the simply connected space S3, we have:
pi1(L(p, 1)) = Zp (4.6)
Thus a flat connection is labeled by an element g ∈ G with gp = 1, up to conjugation. Then,
taking g to lie in the maximal torus, we can write:
g = e
2pii
p
m (4.7)
where m is an element of the Λ/(pΛ), where Λ is the coweight lattice of G. For example, if
we take G = U(N), then we can write:
g = diag(e2piim1/p, e2piim2/p, ..., e2piimN/p) (4.8)
where mj ∈ Zp, and using the residual Weyl-symmetry, we can take m1 ≤ m2 ≤ ... ≤ mN . So
the distinct flat U(N) connections on L(p, 1) are labeled by such a non-decreasing sequence
of integers mod p.
The remaining equations in (4.4) imply that the BPS configurations are:
σ = −D
H
≡ σˆo
`
= constant, [σˆo,m] = 0 (4.9)
The last equation follows from Dµσ = 0, and means that we can take σˆo and g to lie in the
same Cartan. Thus the space of BPS configurations is:
(g× Λ/(pΛ))/W (4.10)
where W is the Weyl group.
Classical contribution
As on the sphere, the only piece of the original action which evaluates to a non-zero
value on the BPS configurations is the Chern-Simons term. Now it gets a contribution both
from the constant value of the scalars σ and D, as well as from the flat gauge field. The
contribution from the former is simply:
i
4pi
∫ √
gd3xTrCS(2
1
`3
iHˆσˆ2o) =
pii
p
TrCS(σˆ
2
o) (4.11)
which is related to (3.62) by a factor of p, owing to the fact that vol(L(p, 1)) = vol(S3)/p.
To find the contribution from the flat connection labeled by m, we must take extra care
because the gauge field lives in a non-trivial bundle. To properly defined the Chern-Simons
functional on such a bundle, we should exhibit it as a boundary of a 4-manifold M4 with a
principal bundle, and use the relation:
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∫
∂M4
TrCS(A ∧ dA+ 2i
3
A ∧ A ∧ A) =
∫
M4
TrCSF ∧ F (4.12)
Then, as argued in [35], we can take M4 to be the total space of the bundle O(p) → CP1,
and one can show:
SCS[A] = −pii
p
TrCS(m
2) (4.13)
Thus the total classical contribution in the matrix model is:
SCS[σˆo,m] =
pii
p
TrCS(σˆ
2
o −m2) (4.14)
1-loop determinants
Let us now compute the 1-loop determinant from fluctuations about a fixed configuration
labeled by σˆo,m. A convenient way to proceed is to lift the actions to the covering space,
S3b , and then impose the fields have the correct periodicity under the Zp action. Namely, for
a field φ transforming with weight ρ under the gauge group, we impose (for ω a generator
of the Zp isometry):
ω · φ = e 2piip ρ(m)φ (4.15)
More explicitly, taking toroidal coordinates (χ, ϕ, θ) which are acted on by ω · (χ, ϕ, θ) =
(χ, ϕ+ 2pi
p
, θ − 2pi
p
), and expanding φ into Fourier modes:
φ(χ, ϕ, θ) = φm,n(χ)e
imϕ+inθ (4.16)
this imposes:
φm,n(χ) = 0 unless m− n = ρ(m) (mod p) (4.17)
Now we need to compute the determinants of the differential operators which appear in
the quadratic pieces of the Q-exact terms for the gauge and chiral multiplets. Fortunately,
since these are locally identical to those on S3b , we have already done most of the work. In
particular, we can use the same cancellation argument as above, and find that the only modes
that contribute are those in the (co)kernel of the appropriate Doe operator. The eigenvalues
we found were, for the chiral multiplet:
λm,n = mb+ nb
−1 + iσˆ +
Q
2
(2− r) (4.18)
λˆm,n = mb+ nb
−1 − iσˆ + Q
2
r
for m,n ≥ 0. The only modification we must make here is to impose the periodicity (4.17).
Thus if we define a modified double-sine function:
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s
(p)
b (x; k) =
∏
m,n≥0,m−n=k (mod p)
(m+ 1
2
)b+ (n+ 1
2
)b−1 − ix
(m+ 1
2
)b+ (n+ 1
2
)b−1 + ix
(4.19)
we find:20
Zrchi(σˆo,m) = s(p)b (
iQ
2
(1− r)− ρ(σˆo); ρ(m)) (4.20)
For the gauge multiplet, one can perform a similar computation, or alternatively apply the
general argument above that off-diagonal gauge multiplet modes contribute as adjoint chiral
multiplets of R-charge 2, and write:
Zgauge(σˆo,m) =
∏
α∈Ad(G)
s
(p)
b (−iQ− α(σˆo);α(m)) (4.21)
which can be shown to simplify to:
Zgauge(σˆo,m) =
∏
α>0
4 sinh
pib
p
α(σˆo + im) sinh
pib−1
p
α(σˆo − im) (4.22)
Background fields
As on S3b , it is natural to turn on background vector multiplets in BPS configurations
coupled to flavor symmetries. In the present case, this includes a constant value for the
scalar σ, and corresponding value for D, as on S3b , and this reduces to the flat space real mass
parameter as the manifold is taken very large. In addition, we can turn on flat connections,
labeled by an element n in the coweight lattice of the flavor symmetry group, which modify
the partition function in the expected way. The possibility to turn on these backgrounds is
a consequence of the non-trivial topology of the manifold, and they do not have a flat space
analogue.
Summing over BPS configurations
Putting together the classical contribution and 1-loop piece, we must finally integrate
over σi sum over all holonomies g. As on S
3, we we can use the Weyl-integration formula
to reduce the integral of σˆo over the entire Lie algebra to one over the Cartan. However,
in a sector with holonomy m, the generators of the gauge group with α(m) 6= 0 are broken,
and correspondingly the Vandermonde determinant is modified to
∏
α>0|α(m)=0 α(σˆo)
2. This
precisely cancels the denominator of (4.22). Thus we find:
20In [39] it was suggested that an additional sign factor e
pii
2r ([k](r−[k])−(r−1)k2) be included in the 1-loop
determinant of a chiral multiplet, where [k] ∈ {0, ..., r − 1} such that [k] = k (mod r). Relatedly, in [40] it
was argued that the Chern-Simons contribution (4.14) should have an additional sign (−1)TrCSm2 . These
signs are necessary to ensure factorization of the chiral multiplet partition function into holomorphic blocks
(see section 6.3), but have not been derived from a localization argument.
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Z(ζˆ ,w; mˆ, n) = 1|W|
∑
m∈Λ/(pΛ)
∫
h
dσˆoe
−pii
p
TrCS(σˆ
2
o−m2)− 2piip (ζˆaλa(σˆo)−waλa(m))× (4.23)
×
∏
α>0
4 sinh
pib
p
α(σˆo+im) sinh
pib−1
p
α(σˆo−im)
∏
i
∏
(ρ,ω)∈Ri
s
(p)
b (
iQ
2
(1−ri)+ρ(σˆo)+ω(mˆ); ρ(m)+ω(n))
(4.24)
5 S2 × S1 partition function
In this section we discuss 3d N = 2 theories on S2×S1. As we will see, the partition function
on this space has the interpretation, for conformal theories, of computing the superconformal
index, which counts local operators in the flat space theory. We start, as in the previous
sections, by writing backgrounds on S2 × S1 which preserve some supersymmetry.
5.1 Supersymmetric backgrounds
To start, let us consider the round S2 × S1, with metric:21
ds2 = dx2 + dθ2 + sin2 θdφ2 (5.1)
where x ∼ x+ τ .
As above, to place theories supersymmetrically on this space we must choose appropriate
background supergravity fields so that we can construct a solution to the Killing spinor
equation (2.15). One option is to use the Killing vector generating translations along the S1
to construct two supercharges of opposite R-charge. From (2.20), we find the supergravity
fields are then:
H = V µ = 0, A(R) = ω
(S2)
12 (5.2)
where ω
(S2)
12 is the spin connection on S
2. This means that this background includes a
unit flux through S2 for the U(1)R gauge field; in other words, we are performing a partial
topological twist along the S2 directions. In particular, we must impose that the R-charges
of all fields are integers, so that they live in well-defined bundles. This background leads to
the “topologically twisted index” considered in [31].
In this article we will focus instead on another background, studied in [41, 42], which has
no R-symmetry flux, and is closely related to the superconformal index, as we will discuss
21In this section we work in units where the radius of the S2 is one.
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below. To motivate the background, we can proceed as for the round S3 in section 2 and use
the fact that there is a conformal transformation mapping R3 to S2 × R. With some work,
one finds the flat space Killing spinors map to Killing spinors which satisfy:
∇µζ± = ±1
2
γµγ3ζ± (5.3)
Namely, taking a vielbein:
e1 = dθ, e2 = sin θdφ, e3 = dx (5.4)
We can write:
ζ± = e±x/2
(
a eiφ/2
(
cos θ
2
± sin θ
2
)
+ b e−iφ/2
(
sin θ
2
∓ cos θ
2
))
(5.5)
Letting ζ and ζ˜ run over these four solutions, we see can construct the 8 independent
superconformal symmetries, which generate the superconformal algebra osp(2|2, 2).
Note the x-dependence of these Killing spinors is incompatible with compactifying this
space to S2 × S1. We can fix this by introducing an imaginary, flat R-symmetry connection
with holonomy along the x-direction, which we can arrange to leave half of the Killing spinors
periodic: two of R-charge 1 and two of R-charge −1. On general grounds, two Killing spinors
of opposite R-charge anti-commute to a Killing vector, and in the present case, we find that
the Killing vectors are complex:
ζ˜γµζ =
∂
∂x
∓ i ∂
∂φ
(5.6)
where we take ζ = ζ+ and ζ˜ = ζ−, with the top sign corresponding to (a, b) = (1, 0) and the
bottom to (a, b) = (0, 1).
These supercharges generate the subalgebra osp(2|2) of the superconformal algebra. This
subalgebra does not contain dilatations, and so, as for the round S3, we expect we can also
couple non-conformal theories to this background. We can do this systematically using the
supergravity analysis of section 2.2. Namely, we can read off the background supergravity
fields from by comparing (2.15) to (5.3) to find:
H = 0, Vµ = A
(R)
µ = −iδµ3 (5.7)
Then the supersymmetry preserving actions for the gauge and chiral multiplets can be read
off, and one finds:
Lchi = Dµφ˜Dµφ+ φ˜((1− 2r)D3 + r(1− r) + σ2 +D)φ
− iψ˜γµ(Dµ + (r − 1
2
)δµ3)ψ − iψ˜σψ +
√
2i(φ˜λψ + ψ˜λ˜φ)− F˜F (5.8)
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LYM = Tr
(
(
1
2
? Fµ +Dµσ + δµ3σ)
2 − 1
2
D2 − iλ˜γµ(Dµ + 1
2
δµ3)λ+ iλ˜[σ, λ]
)
(5.9)
One can also construct supersymmetric backgrounds for more general (but still axially
symmetric) metrics on S2, but for simplicity we will restrict our attention to the round S2.
5.2 Localization on S2 × S1
Next we localize the path integral. First, we observe that the Yang-Mills action (5.9) is
written as sums of squares, and vanishes on the following BPS locus:
? Fµ +Dµσ + δµ3σ = D = 0 (5.10)
To find the solutions, note that we may turn on a constant value α for A3 without affecting
Fµν , giving rise to a holonomy z ≡ eiτα for the gauge field around the S1. Also, we can turn
a constant value of σ provided that Fµν has constant flux through S
2. This flux is quantized,
labeled by an element m of the coweight lattice Λcw, and we are led to the following space
of BPS configurations:
Aµ = α dx+ m ADir, σ = −m (5.11)
where ADir is the unit-flux Dirac monopole on S
2, i.e., dADir =
1
2
vol(S2). Here we must also
impose [α,m] = 0, and we will take them to lie in a chosen Cartan subalgebra.
Let us fix a BPS background for the gauge multiplet, labeled by α and m. Then, proceed-
ing as in section 3, we can decompose the chiral multiplet into weights ρ of the representation,
and expand the action to quadratic order around this background, to find:
Squadchi =
∑
ρ∈R
∫ √
gd3x
(
φ˜ρ(−D32 −D(ρ(m))iD(ρ(m))i + (1− 2r)D3 + r(1− r) + ρ(m)2)φρ − F˜F
− iψ˜(γiD(ρ(m))i + γ3D3 + ρ(m) + (
1
2
− r)γ3)ψ
)
(5.12)
Here we defined D
(m)
i , i = 1, 2, for integer m, to be the gauge-covariant derivative on S
2
with m units of magnetic flux. Also, D3 = ∂x + iα is the gauge-covariant derivative along
the S1 direction.
To compute the determinants, let us focus for simplicity on a single chiral multiplet of
R-charge r, coupled to a U(1) gauge field holonomy eiτα and flux m; the general case is a
straightforward extension. Following [41, 42], we use the fact that the Laplacian and Dirac
operators in the background of a magnetic flux m can be diagonalized using the so-called
“monopole spherical harmonics” [43]:
Y
(m)
j,j3
, j = |m|, |m|+ 1, ..., j3 = −j,−j + 1, ..., j (5.13)
For the bosons we use the relation:
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−D(m)i D(m)i Y (m)j,j3 = (j(j + 1)−m2)Y (m)j,j3 (5.14)
Expanding also in angular momenta 2piin/τ , n ∈ Z, along the S1 direction, we find the
bosonic eignvalues are:
λB = ((2pin− α)/τ + ir
2
)2 + j(j + 1) +
i(1− 2r)
τ
(2pin− α) + r(1− r)
= (j +
r
2
+
1
τ
(2piin+ iα))(j + 1− r
2
− 1
τ
(2piin− iα)), j = |m|, |m|+ 1, ... (5.15)
For the fermions, we look for a solution of the form
(
A Y
(m+ 1
2
)
j,j3
B Y
(m− 1
2
)
j,j3
)
. For j ≥ |m| + 1
2
,
there are two independent solutions, λ±F and one finds they contribute to the determinant
through a factor:
λ+Fλ
−
F = (j+
1
2
− r
2
− 1
τ
(2piin− iα))(j+ r
2
+
1
τ
(2piin− iα)) j = |m|+ 1
2
, |m|+ 3
2
, ... (5.16)
while for j = |m| − 1
2
, only one solution exists, with eigenvalue:
λF = j +
r
2
+
1
τ
(2piin− iα), j = |m| − 1
2
(5.17)
Putting this together, we are left with the following 1-loop determinant:
Zrchi =
∏
n∈Z
∏∞
j=|m|+ 1
2
(j + 1
2
− r
2
− 1
τ
(2piin− iα))2j+1∏∞j=|m|− 1
2
(j + r
2
+ 1
τ
(2piin− iα))2j+1∏∞
j=|m|((j +
r
2
+ 1
τ
(2piin+ iα))(j + 1− r
2
− 1
τ
(2piin− iα)))2j+1
(5.18)
As usual, there is significant cancellation between the bosons and fermions, and this
simplifies to:
Zchiral1−loop =
∏
n∈Z
∞∏
j=0
j + |m|+ 1− r
2
− 1
τ
(2piin− iα)
j + |m|+ r
2
+ 1
τ
(2piin− iα) (5.19)
The infinite product over the S1 angular momenta can be performed using
∏
n∈Z(2piin+z) =
e−z/2(1− ez), and after some regularization, we are left with:22
Zrchi(z,m; q) = e−ipim|m|/2(q1−r/2z−1)|m|/2
∞∏
j=0
1− q1−r/2+|m|/2+jz−1
1− qr/2+|m|/2+jz (5.20)
22The phase factor was argued in [44, 45] to be necessary to correctly account for the fermion number
of monopole operators in the superconformal index (see section 5.4 below); it should arise from a more
careful regularization of the 1-loop determinants in the background magnetic flux. Provided the theory is
free of parity anomalies, the total phase from all chiral multiplets and Chern-Simons terms in the theory
will combine to give a sign.
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where we have defined q = e−τ and z = eiτα. As shown in [44], this can be conveniently
rewritten as (defining (z; q) =
∏∞
j=0(1− zqj)):
Zrchi(z,m; q) = e−ipim
2/2(q1−r/2z−1)m/2
(q1−r/2+m/2z−1; q)
(qr/2+m/2z; q)
(5.21)
One can proceed similarly to find the 1-loop contribution of the vector multiplet; we refer
to [41, 42] for details. Here we will use the same shortcut as in sections 3.2 and 4 to note that
this contribution is the same as that of an R-charge 2 chiral in the adjoint representation,
which one computes to be:
Zgauge1−loop =
∏
α∈Ad(G)
q−|α(m)|/2(1− zαq|α(m)|) (5.22)
Classical contribution and background fields
As usual, the only source of a classical contribution is a Chern-Simons term. For the
background in (5.11) the supersymmetric Chern-Simons term gets a contribution from the
gauge field. A naive computation gives:
SCS =
i
4pi
∫
S2×S1
TrCS(A ∧ dA) = i
4pi
∫
S2×S1
TrCS(αdx ∧mvol(S2)) = iτ TrCS(αm) (5.23)
More precisely, since the gauge field lives in a non-trivial bundle, one should exhibit S2×S1
as the boundary of a 4-manifold and extend the bundle there, as in section 4. In [45] it was
conjectured (see also footnote 20) that that the correct contribution of the CS term contains
an additional phase:
e−SCS = e−i T rCS(ταm+pim
2) (5.24)
For example, for a U(N) gauge theory with TrCS equal to k times the trace in the funda-
mental representation, this leads to:
e−SCS =
∏
i
(−1)kmizi−kmi (5.25)
We can also couple background gauge fields to flavor symmetries and put them in fixed BPS
configurations. These are labeled by a holonomy µ ∈ H along the S1 and a flux n ∈ ΛH
through the S2, where H is the flavor symmetry group and ΛH is its coweight lattice. This
modifies the chiral multiplet contribution in the expected way. In addition, a U(1) gauge
field with holonomy w and flux n coupled to the U(1)J topological symmetry for a dynamical
U(1) gauge field, with holonomy z and flux m, leads to an insertion:
e−SFI = z−nw−m (5.26)
41
Final result
Putting this all together, we find the S2 × S1 partition function is given by:
ZS2×S1(µ, s, w, n; q) =
∑
m∈Λcw
1
|W|
∫
TrG
rG∏
i=1
dzi
zi
e−SCS−SFI
∏
α∈Ad(G)
q−|α(m)|/2(1− zαq|α(m)|)
(5.27)
×
∏
i
∏
(ρ,ω)∈Ri
Zrichi(zρµω, ρ(m) + ω(s); q)
5.3 Loop operators
We can also consider the expectation value of supersymmetric loop operators on S2 × S1.
To preserve supersymmetry, these must sit at the fixed points of the rotations of the S2, i.e.,
the north and south poles.
First consider the supersymmetric Wilson loop. We can place the following operators at
the poles of the S2, and wrapping the S1, while preserving some supersymmetry:
W = TrRP exp
(∮
(iA∓ σd|x|)
)
(5.28)
where the top (bottom) sign corresponds to the north (south) pole. Evaluating this on the
saddle point configuration (5.11), we find its contribution is:∑
ρ∈R
eρ(iα±τm) =
∑
ρ∈R
zαq±α(m) (5.29)
where ρ runs over the weights of the representation R. Thus the expectation value of this
Wilson loop is given by inserting the above expression in the matrix model.
One can also consider vortex loop operators on S2 × S1 [28]. Similarly to S3, these
correspond to turning on singular profiles for background fields in a vector multiplet coupled
to a flavor symmetry generator α ∈ h, which impose that the matter fields charged under
this symmetry incur a holonomy as they wind the loop. However, note that if a loop wraps
the north pole, it is also wrapping the south pole! Therefore, if we include a vortex loop
corresponding to α+ at the north pole and α− at the south pole, then provided there is no
flux for the flavor symmetry gauge field, we must have ρ(α+ +α−) ∈ Z for all weights of fields
which appear in the theory. More generally if we include flux, this condition is modified to:
ρ(α+ + α− + s) ∈ Z (5.30)
The localization in this background can be performed using an index theorem [28], and
much like on S3, the result is given by shifting the argument of the flavor symmetry param-
eters in the partition function:
42
< Vn.p.(α+)Vs.p.(α−) >= I(µq(α++α−)/2, s + 1
2
(α+ − α−); q) (5.31)
5.4 Superconformal index
Given a superconformal theory in D dimensions, a useful object to study is the superconfor-
mal index [46]. This can be defined as a trace over the space of local operators of the theory
which is weighted by global symmetry charges in a clever way, designed so that it receives
contributions only from protected short multiplets. Under continuous deformations of the
theory, short multiplets can only enter or leave the spectrum if they can combine to form
long multiplets, but by construction these do not contribute to the index. Therefore the
index is invariant under such continuous deformations, and this property is what underlies
its usefulness.
In more detail, let us pick a supercharge Q, and let Fi be a complete basis of global
symmetries commuting with Q. Then we define:
I(µi, β) = Tr(−1)F eβδeµiFi (5.32)
where δ = {Q,Q†}. The (−1)F weighting signals that this is a Witten index: states which
are not annihilated by δ come in boson/fermion pairs, and cancel out of the trace, and so
it only recieves contribution from states annihilated by δ; in particular it is independent of
β. It is also independent of continuous deformations of the theory. If one can continuously
deform the theory to a weakly coupled point, one can then compute the superconformal
index there, and in doing so learn about the local operators in the strongly coupled CFT
one started with.
This kind of argument is very similar to the localization argument, and this is not a
coincidence. Namely, by the usual state-operator correspondence in CFTs, the space of
local operators can be identified with the Hilbert space of the theory on SD−1 × R, and the
superconformal index can be interpreted as the trace over this Hilbert space with certain
operator insertions. This partition function can then often be computed by a localization
argument.
The superconformal index in various dimensions has had many recent applications, and
is discussed in some of the accompanying review articles; we refer to Contribution [47] and
Contribution [48] for more details.
Let us specialize now to three dimensional N = 2 SCFTs. Then the supercharges have
the following global symmetry charges:23
23Here the conjugation operation is the one appropriate to radial quantization on S2 × R, and relates an
ordinary supercharge to a special superconformal supercharge.
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∆ R j3 Fa
Q1 12 1 −12 0Q2 12 1 12 0
Q˜1 12 −1 −12 0
Q˜2 12 −1 12 0
Q1† −12 −1 12 0
Q2† −12 −1 −12 0
Q˜1† −12 1 12 0
Q˜2† −12 1 −12 0
(5.33)
where ∆ is the Hamiltonian on S2, R is the U(1)R charge, and j3 is the Cartan charge of
the SU(2) rotation group of S2. One computes:
δ = {Q†1,Q1} = ∆−R− j3 (5.34)
Then, from the table, we see that the charges ∆− j3 and Fa (as well as δ) all commute with
Q1, and so from (5.32) we see the appropriate index to compute here is:
I(q;µa) = Tr(−1)F eβ(∆−R−j3)eβ′(∆+j3)eiρaFa (5.35)
This trace will only get contributions from states with ∆−R− j3 = 0.
This index can also be interpreted as the partition function on S2×S1τ , where τ = β+β′
is the coefficient of ∆ in (5.35), with certain twisted boundary conditions for the fields,
namely:
Φ(x+ τ) ∼ eβ(∆−R−j3)eβ′(∆+j3)eiρaFaΦ(x) (5.36)
as well as periodic boundary conditions for the fermions. To make connection with the
partition function computed above, let us use the freedom to choose β to set β = β′, so that
the j3 dependence drops out, and then:
Φ(x+ τ) ∼ eτ(∆− 12R)eiρaFaΦ(x) (5.37)
These twisted boundary conditions can be traded for flat background gauge fields with
appropriate holonomies along the S1, namely:24
A(R)µ −
3
2
Vµ =
i
2
δ3µ, A
flavor,a
µ =
ρa
τ
δ3µ (5.38)
Comparing to (5.7) and (5.11), we see this is precisely the partition function we computed
in the previous subsection, specialized to zero background fluxes. We have now argued
that it is a protected object by two different (but related) means: 1) this compact curved
background preserves some supercharges, and so the partition function can be computed by
24Here the combination of background fields in the first equation is what couples to R-symmetry current
in a superconformal theory [5].
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localization, and 2) it is related to a Witten index in the radially quantized theory. One can
find a more general background corresponding a more general value of β, where the S2 will
be fibered non-trivially over the S1, but of course one will find that the partition function is
independent of β.
However, the localization argument was somewhat more general, in that it could be
defined for non-conformal theories as well. As we argued for S3, if we use the superconformal
R-symmetry to couple to the curved background, the partition function we compute using
the UV description will agree with that of the conformally mapped IR CFT. Thus we can use
localization to compute this quantity, and thus learn about the spectrum of local operators
in the CFT.
Extended supersymmetry
For 3d theories with N = 4 supersymmetry, there is an SU(2)H × SU(2)C R-symmetry
group, and the index takes the general form:
I(µa; t, q) = TrHS2 (−1)F q∆−
1
2
(RH+RC)tRH−RCµaFa (5.39)
where Fa are the flavor symmetries of the theory which commute with the N = 4 algebra,
and RH and RC are the Cartan generators of the two SU(2) R-symmetry factors. From the
N = 2 point of view, t is simply another flavor fugacity, but it plays a special role in this
context.
There are some useful limits one can define for this index, in which it simplifies signif-
icantly, and probes interesting information about the moduli spaces of these theories [49].
Namely, first consider taking q, t−1 → 0 while holding x = tq1/2 finite. In this limit we are
computing:
I(x) = TrHH (−1)Fx∆−RC (5.40)
where HH denotes the subspace of states for which ∆ = RH . The operators corresponding
to these states are closely related to the ones which get a VEV on the Higgs branch of the
theory, and it turns out to compute the Hilbert series of the Higgs branch [50]. Thus this
limit is denoted the “Higgs limit” of the index. One can similarly define the “Coulomb
limit,” where q, t → 0 while x˜ = t−1q1/2 is held finite, and these are exchanged under 3d
mirror symmetry.
6 Applications
In this section we give a brief survey of some of the applications of these localization com-
putations. This overview will necessarily omit many interesting topics due to lack of space,
and the topics which appear may reflect the author’s biases moreso than the importance of
the topic.
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6.1 Applications discussed in accompanying articles
Several of these applications are covered in more depth in accompanying review articles.
Here we will give a very brief summary of each and refer to the accompanying articles for a
more in-depth discussion and references.
Large N gauge theories and AdS/CFT
The accompanying article in Contribution [51] discusses the partition functions for large
N gauge theories, and applications to the AdS/CFT correspondence. The AdS/CFT cor-
respondence provides a non-perturbative definition of quantum gravity theories by relating
them to ordinary quantum field theories which live on the asymptotic boundary of spacetime.
In particular, there are many explicit examples relating d dimensional supersymmetric gauge
theories to string or M-theory on certain asymptotically AdSd+1 geometries. A characteristic
feature of this duality is that it relates the strong coupling region of one side to the weak
coupling region of the other; for example, in the limit where the quantum and stringy effects
are small on the gravity side, the gauge theory typically has very large rank and strong
coupling. Thus it can be difficult to compute quantities on both sides and thus check the
duality. However, localization provides the means to perform exact computations even in
strongly coupled gauge theories, and so is an extremely valuable tool in understanding this
duality, and by extension, various features of string and M-theory.
In the case d = 3, the most well-studied example of the AdS/CFT correspondence involves
the ABJM theory [9]. This is a CFT which has a Lagrangian description as an N = 4
U(N) × U(N) theory with two bifundamental hypermultiplets and Chern-Simons level k
and −k for the two gauge group factors. The supersymmetry can be shown to enhance to
N = 6 for generic k, and N = 8 for k = 1, 2. It provides a low energy description of N
M2 branes propagating on C4/Zk. One can construct an AdS dual description by taking
the large N limit. Here, one can either hold k finite, obtaining a description in terms of
M -theory on AdS4 × S7/Zk, or take an ’t Hooft limit with λ = Nk held finite, in which
case one finds type IIA string theory on AdS4 × CP3. In the large N and large λ limit
the gravitational side becomes weakly coupled, and can be well described in a perturbative
expansion around the appropriate supergravity theory.
To compare the supergravity predictions to the gauge theory, we can compute the par-
tition function of ABJM theory at large N . The partition function of the ABJM theory is
given by:25
ZABJM(N, k) = 1
N !2
∫
dNσdN σ˜eikpi
∑
j(σj
2−σ˜2j )
∏
i<j(2 sinhpi(σi − σj))2(2 sinhpi(σ˜i − σ˜j))2∏
i,j(2 coshpi(σi − σ˜j))2
While localization has simplified tremendously the problem of evaluating the path integral,
for large N this is still a formidable integral to compute. However, mathematicians and
25In this section, for notational simplicity, we will replace σˆo → σ and mˆ→ m.
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physicists have devised several techniques for evaluating large-N matrix models as a system-
atic expansion in 1/N . A convenient way to organize the computation is in terms of a genus
expansion:
FABJM(N, k) ≡ logZ(N, k) =
∑
g≥0
Fg(λ)gs
2g−2
where λ = N
k
is held finite, and gs =
2pii
Nλ
, so that this is a perturbative 1
N
expansion. Here
F0(λ) corresponds to the genus-zero free energy, and can be compared to the supergravity
predictions. It can be computed exactly in terms of generalized hypergeometric functions,
and interpolates between its expansion for large and small λ, which are given by:
1
N2
F0(λ) ≈
{
− log(2piλ) + 3
2
+ 2 log 2, λ << 1
pi
√
2
3
√
λ
, λ >> 1
For the weak coupling limit of small λ we see the expected N2 scaling for the free energy
of a weakly coupled gauge theory. However, for large λ we see the striking N3/2 behavior
which is predicted by supergravity.
Many techniques have been developed to compute the higher genus corrections Fg(λ),
and much is known about the non-perturbative corrections as well. Similar computations
can also be performed in other, less supersymmetric 3d gauge theories with gravity duals.
We refer to the accompanying article in Contribution [51] for more details and references.
F -theorem and the F -maximization
The accompanying article in Contribution [52] discusses the free energy F of a three
dimensional conformal field theory, which can be defined as:
F = − log |ZS3|
This quantity plays an important role in understanding the network of RG flows between 3d
conformal field theories. Namely, given a flow from a UV CFT to an IR CFT, the F -theorem
states that:
FUV > FIR
This can be used to rule out various RG flows. In particular, it implies that RG flow is
irreversible, as it forbids flow from the IR CFT back to the UV CFT. Intuitively one can
think of F as measuring the degrees of freedom of the theory, which one expects to decrease
upon RG flow. However, unlike the analogous quantities a and c in 2 and 4 dimensions, F
is not related to a local quantity, and can be non-trivial even in topological theories, which
have no local degrees of freedom. The F -theorem was proven in [53] by relating this quantity
to the entanglement entropy of a disk in flat space, and using the strong-subadditivity of
entanglement entropy.
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The above considerations hold in a general CFT, but in general the free energy is very
difficult to compute. One can perform computations in a free theory, in a large N or -
expansion, or even holographically, but in a general interacting CFT one has little hope of
computing F . However, in the context of N = 2 theories, we have seen ZS3 , and therefore
F , can be computed exactly using localization. These N = 2 theories have provided a useful
testing ground for the F -theorem and its implications for RG flows between 3d theories.
A related application is F -maximization. Recall that to compute the S3 partition func-
tion, one must pick a U(1)R symmetry. A general R-symmetry can be obtained by mixing
the UV R-symmetry with any U(1) flavor symmetry Fi of the theory:
Rti = RUV +
∑
i
tiFi
One may perform the computation for any such choice of R-symmetry, and the answer
will be some function ZS3(ti). However, only for the unique superconformal R-symmetry,
whose current sits in the same super-multiplet as the traceless stress energy tensor of the
IR CFT, will the answer agree with that of the conformally coupled IR CFT. In general
the superconformal R-charges of chiral fields may be quite complicated, irrational numbers,
and without a prescription to find them one seems to be unable to compute the S3 partition
function of the IR CFT.
Fortunately the S3 partition function itself provides the solution to this problem. Namely,
it was argued in [15] that the superconformal R-symmetry is the one that extremizes F ,
namely:
∂
∂ti
F (ti) = − ∂
∂ti
log |ZS3| = 0 for the superconformal R-symmetry
This follows because the derivatives of F are related to (integrated) 1-point functions of
local operators on S3, which must vanish in a CFT. One can also show that the second
derivatives with respect to the ti are related to 2-point functions of currents, which must be
positive by unitarity, and using this one can show that F is actually (locally) maximized at
the superconformal R-charge.
The F -theorem gives an algorithmic way to compute the superconformal R-symmetry of
a 3d N = 2 SCFT, provided there are no accidental U(1) flavor symmetries in the IR. In this
way it is analogous to 4d a-maximization, however, the procedure here is technically more
complicated, as one is extremizing integrals of transcendental functions, rather than cubic
polynomials as in 4d. Note also that if one deforms the theory by adding a superpotential
which breaks some flavor symmetry, then, provided there are no accidental symmetries in
the IR, this reduces the space of ti’s, and so the F -maximization procedure is bound to
land us on a smaller F than in the UV theory, relating the F -maximization principle to the
F -theorem.
3d-3d correspondence
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In Contribution [54] the so-called 3d − 3d correspondence is discussed. Consider the 6d
N = (0, 2) SCFT of type AN−1 (there are also versions for the other ADE groups) placed
on M3 × S3b /Zk, where M3 is an arbitrary 3-manifold along which we perform a certain
topological twist. Then this system has two dual description, depending on whether we
compactify on the M3 or lens space factor:
• As SL(N,C) Chern-Simons theory on M3 at level k + is, where is = k 1−b21+b2 .
• As a certain 3d N = 2 SCFT, denoted by TN [M3], on S3b /Zk.
In many cases an explicit Lagrangian description for TN [M3] can be obtained by decomposing
the three manifold into a triangulation, assigning a certain building block theory to each
tetrahedron, and implementing certain gluing rules to reassemble these into the full TN [M3]
theory. Different triangulations of the manifold can give rise to superficially different theories,
which are then related by duality.
This correspondence is analogous to the AGT correspondence, which relates 4d N =
2 theories to Toda theory on punctured Riemann surfaces Σ. In particular, the theory
TN [Σ×S1] is just the dimensional reduction of the corresponding 4d theory, and in particular
has N = 4 supersymmetry.
There are many observables one can map across this correspondence; the basic example
is the partition function:
ZS3b /Zk [TN [M3]] = ZSL(N,C)k,s [M3]
This correspondence gives rise to important new connections in physics and mathemat-
ics. It leads to new perspectives on complex Chern-Simons theory, which gives rise to rich
invariants of three-manifolds, and provides a useful description of three-dimensional gravity.
6.2 Dualities
We have seen that the supersymmetric partition function on a compact manifold M3 is an
RG-invariant observable of a theory. This means it can serve as a powerful test of IR dualities,
i.e., pairs of UV Lagrangian descriptions which are conjectured to flow to equivalent SCFTs
in the IR. Namely, we can compute the partition function of both theories in a proposed
duality using their UV description, and check whether they agree, as they must if they are
indeed equivalent in the IR. If we consider the partition function as a function of generic
real mass parameters associated to the global symmetries of the theories, the matching of
this (in general, quite complicated) function serves as a powerful test of the duality, and in
particular of the mapping of global symmetries across the duality. In some cases we can also
map loop operators across the duality. In this section we give a few typical examples of such
duality checks. Many others exist in the literature; see [34, 55, 56, 57, 58, 59] for a small
sampling.
Mirror Symmetry
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Mirror symmetry was originally proposed in [60, 61] as a duality between 3d N = 4 gauge
theories motivated by the following type IIB string construction, consisting of D5, D3, and
NS5 branes arranged as follows:26
0 1 2 3 4 5 6c 7 8 9
D3 x x x x
D5 x x x x x x
NS5 x x x x x x
At low energies, gravity decouples and we find an effective description as the following
3d N = 4 gauge theory:
• For each segment of N D3 branes between consecutive NS5 branes, there is a U(N)
gauge group factor.
• For each NS5 brane, there is a bifundamental hypermultiplet coupled to the two
corresponding adjacent U(N) factors. A displacement of the NS5 brane in the 789
direction gives rise to a relative FI term between these factors.
• For each D5 brane, there is a fundamental hypermultiplet in the U(N) factor corre-
sponding to the D3 brane it intersects. A displacement of the D5 brane in the 345
direction gives rise to a mass for the hypermultiplet.
If we apply S-duality to this type IIB configuration, the D5 and NS5 branes are inter-
changed, and we find a quite different 3d gauge theory description. These two gauge theories
are then expected to flow to equivalent SCFTs in the IR. An example dual pair is shown in
Figure 2. A characteristic feature of mirror symmetry is that masses and FI parameters are
exchanged.
Let us check this with a supersymmetric partition function [62, 63]. The simplest example
is the round 3 sphere. We’ve seen in (3.28) that for N = 4 theories the contributions to the
matrix model simplify, and the free hypermultiplet of real mass m has partition function:
Zhyp(m) = 1
2 cosh(pim)
(6.1)
The simplest example of mirror symmetry is a duality between a free hypermultiplet of real
mass m and a U(1) gauge theory with a single charged hypermultiplet, and FI term m. This
corresponds to the identity:
ZU(1)Nf=1(m) =
∫
dσe2piimσ
1
2 coshpiσ
= Zhyp(m) (6.2)
26Here an x denotes that the brane extends along this dimension, the superscript c denotes that the 6th
dimension is compactified.
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Figure 2: Two dual brane configurations. In the top, the low energy gauge theory is
U(3) × U(3) with bifundamental hypermultiplets and a fundamental hypermultiplet in one
of the gauge factors. In the bottom, the low energy gauge theory is U(3) with an adjoint
hypermultiplet and two fundamental hypermultiplets. These gauge theories are mirror dual.
which is just the statement that the hyperbolic secant is invariant under Fourier transform.
This is analogous to the argument of [64] that abelian mirror symmetry is essentially a
functional Fourier transform identity.
For a general such gauge theory, the matrix model can be written by following the rules
in section 3, i.e.:
For the ath U(N) gauge multiplet→
∏
i<j
(2 sinhpi(σia − σja))2 (6.3)
For a fundamental hyper in ath gauge group→ 1∏N
i=1 2 cosh(piσ
i
a)
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For the bifund. hyper connecting the ath and (a+ 1)th gauge group→ 1∏N
i,j=1 2 coshpi(σ
i
a − σja+1)
In this form the contribution of the D5 and NS5 branes are qualitatively different, and it is
difficult to see that there is a duality exchanging them.
To make the duality manifest, we enumerate the five-branes by an index α ∈ ZM , where
M is the total number of fivebranes, and we write:
Z =
∫ M∏
α=1
1
N !
∑
piα∈SN
(−1)piα
N∏
i=1
dσiαdτ
i
αe
2piiτ iα(σ
i
α−σpiα(i)α+1 )Iα(σiα, τ iα)
Iα(σ, τ) =
{
1
2 cosh(piσ)
if the αth fivebrane is an D5 brane
1
2 cosh(piτ)
if the αth fivebrane is a NS5 brane
(6.4)
where SN is the permutation group of N elements. Integrating out all of the τ
j
α variables
gives delta functions which identify all σ variables between consecutive NS5 branes, and
leads to a single U(N) gauge group for this interval. Using:
∑
pi∈SN
(−1)pi 1
2 coshpi(xi − ypi(i)) =
∏
i<j 2 sinhpi(x
i − xj)2 sinhpi(yi − yj)∏
i,j 2 coshpi(x
i − yj) (6.5)
which follows from the Cauchy determinant formula, one can check this correctly reproduces
the ingredients in (6.3). However, in the form (6.4) the symmetry under exchange of NS5
and D5 branes is manifest, corresponding to the exchange of τ iα and σ
i
α. Thus we have shown
the S3 partition functions for mirror dual theories are equal.
Seiberg-like dualities
Another class of 3d dualities are often referred to as Seiberg-like dualities, as they are
qualitatively similar to 4d Seiberg dualities [65]. These include the dualities of Aharony [66],
Giveon-Kutasov [67], and others [55, 58, 68, 45, 59, 69, 70, 59].
These dualities were checked at the level of supersymmetric partition functions in several
papers, e.g., [71, 72, 55, 73], and others. As an illustrative example, we take the U(N)
version of the duality of Giveon and Kutasov, which relates the following 3d N = 2 gauge
theories:
• Theory A - U(Nc) with CS term at level k > 0 and Nf fundamental flavors (qa, q˜b).
• Theory B - U(Nˆc), where Nˆc = k+Nf −Nc, with CS level −k, Nf fundamental flavors
(Qa, Q˜b), and Nf
2 singlet mesons Mab, with superpotential:
W = QaMabQ˜
b (6.6)
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These theories have a global symmetry SU(Nf )×SU(Nf )×U(1)A×U(1)J . We can com-
pute the S3b partition functions of these theories, refined by real mass parameters (ma, m˜a, µ, ζ)
for these symmetries. One finds:
ZA(ma, m˜a, µ, ζ) = (6.7)
=
1
Nc!
∫ Nc∏
j=1
dσje
−piikσj2−2piiζσj
Nf∏
a=1
sb(±σj +ma + µ)
∏
i<j
(2 sinhpib±(σi − σj))
ZB(ma, m˜a, µ, ζ) =
Nf∏
a,b=1
sb(ma + m˜b + 2µ)× (6.8)
× 1
Nˆc!
∫ Nˆc∏
j=1
dσje
piikσj
2−2piiζσj
Nf∏
a=1
sb(
iQ
2
± σj −ma − µ)
∏
i<j
(2 sinhpib±(σi − σj))
where we use the notation f(x±) = f(x+)f(x−). For theory B, the first line corresponds
to the contribution of the singlets Mab. Here we have parameterized the global symme-
try parameters for theory B, including the R-charges, according to the mapping of these
symmetries across the duality.
To compare these, one must pay attention to contact terms for global symmetries [74].
These manifest in the partition function as relative Chern-Simons terms for background
gauge fields coupled to global symmetries, which must be included in order to correctly
match correlation functions across the duality. In the present example, taking these into
account, one finds the precise relation between the partition functions implied by the duality
is [72]:
ZA(ma, m˜a, µ, ζ) = eφ(ma,m˜a,µ,ζ)ZB(ma, m˜a, µ, ζ)
where φ(ma, m˜a, µ, ζ) ≡ pii
12
(k2 + 3(k +Nf )(Nf − 2) + 2) + piiζ2 − kpii
2
∑
a
(ma
2 + m˜2a)
+ piiNf (Nf − k)µ2 + piNf (k +Nf − 2Nc)µ (6.9)
The identity of these integrals of double sine functions is highly non-trivial, and was proven
relatively recently in [75]. The method of proof is to take a certain limit of identities between
integrals of elliptic gamma functions, which correspond physically to identities of the 4d
supersymmetric index of Seiberg dual theories. Correspondingly, these 3d dualities can be
derived from the 4d dualities by reduction on a circle [45], and we will mention this limit of
the 4d index below.
In addition to matching partition functions, one can match the expectation values of
supersymmetric loop operators across dualities. See [28, 32, 76, 77] for some examples.
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6.3 Factorization, holomorphic blocks, and Higgs branch localiza-
tion
In this section we describe an interesting factorization property enjoyed by all of the partition
functions discussed in this article. For example, for the squashed sphere partition function,
and for a suitable class of theories, it was observed in [78] that the partition function can be
written as:
ZS3b (ma) =
∑
α
Bα(xa; q)B˜α(x˜a; q˜) (6.10)
where the index α labels vacua of the mass-deformed theory, and Bα (respectively, B˜α) are
certain holomorphic functions of q = e2piib
2
and xa = e
2pibma (respectively, q˜ = e2piib
−2
and
x˜a = e
2pib−1ma). A similar factorization was conjectured for the supersymmetric index [44],
and these were described in a unified framework in [79]. The lens space partition function
was subsequently also shown to factorize similarly [40, 39], as well as the topological twisted
index [39]. A remarkable fact is that in all cases, the partition functions of a given theory
on any of these manifolds are built out of the same objects Bα, the so-called “holomorphic
blocks.”
The basic observation that connects these various partition functions is that all of the
corresponding spaces, S3, S3/Zp, and S2 × S1, admit a Heegard decomposition as a union
of two solid tori, D2 × S1. Namely, starting with two disjoint solid tori, whose boundaries
are two-dimensional tori, we perform a large diffeomorphism on one of boundaries before
gluing them together. Such large diffeomorphisms are labeled by the group SL(2,Z), and
for various choices of elements g ∈ SL(2,Z) we find the following topological spaces:
g = Id→ S2 × S1, g = S =
(
0 1
−1 0
)
→ S3, g =
(
1 0
−p 1
)
→ S3/Zp, (6.11)
This observation is only true at the level of the topology of the spaces, however the partition
functions we have computed are not topological, so extra care must be taken.
Nevertheless, one proceeds by defining a partition function on D2 ×q S1, where the sub-
script denotes that the disk is fibered over the circle, and rotates by an angle −i log q as one
goes around the circle. In order to preserve supersymmetry, one performs a partial topo-
logical twist, i.e., one turns on a background R-symmetry gauge field with flux ±1
2
through
the D2, the two choices being related by parity. This topological twist renders the partition
function invariant under changes of the metric of the disk. Then we can deform the disk
to a so-called “Melvin cigar,” with a long throat that is asymptotically a flat cylinder, so
that the total space is asymptotically T 2×R. The long Euclidean time evolution on the flat
T 2 has the effect of projecting the state to a ground state α of the theory, which therefore
labels the boundary conditions on this space. Finally, for each U(1) flavor symmetry factor,
one may also turn on a real mass and flat connections with holonomy along the S1, which
combine into a complex quantity xa. Then we define the holomorphic block Bα to be the
partition function on this supersymmetric background:
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Bα(xa; q) = ZD2×qS1(xa;α) (6.12)
To make the connection to the partition functions we have computed above, we use the
fact just mentioned that they are each topologically a union of two copies of D2 × S1. If
these two copies can be similarly deformed, by a Q-exact deformation, to two copies of the
cigar geometry above, then we can insert a complete set of states at some point in the long
T 2 × R region. Since only ground states contribute, we then find an expression:∑
α
Bα(xa; q)Bα(x˜a, q˜) (6.13)
where q˜ = g · q, x˜ = g · x, and g implements the action of the large diffeomorphism, acting
as:
g =
(
a b
c d
)
∈ SL(2,Z) ⇒ q = e2piiτ → q˜ = e±2piiaτ+bcτ+d , x = e2piiµ → x˜ = e±2pii µcτ+d
(6.14)
where the sign corresponds to the option to change orientation before gluing. This argument
is analogous to that of the tt∗ program in 2d [80], where the S2 partition function is shown
to be fused from a topological and anti-topological twisted disk partition functions. Indeed,
the holomorphic blocks reduce to these 2d blocks as one takes the radius of the circle to zero.
To give a concrete example, consider a free chiral multiplet charged under a U(1) fla-
vor symmetry. By itself, this theory suffers from a parity anomaly, so we add a level −1
2
background Chern-Simons term for the flavor symmetry, as well as a flavor-R contact term.
Then this theory, which is sometimes denoted T∆, has a single block, given by:
B∆(x; q) = (qx
−1; q)∞ =

∏∞
j=0(1− qj+1x−1) |q| < 1∏∞
j=0(1− q−jx−1)−1 |q| > 1
(6.15)
For the case of the S-fusing, which should give the S3b partition function, we find (taking b
2
to have positive imaginary part, so that |q|, |q˜|−1 < 1):
B∆(x; q)B∆(x˜; q˜) =
∞∏
j=0
1− qj+1x−1
1− q˜jx˜−1 = e
pii
2
(µ− iQ
2
)2sb(
iQ
2
− µ) (6.16)
with the parameters defined as below (6.10). This indeed correctly reproduce the S3b partition
function of a free chiral multiplet with the chosen contact terms. On the other hand, for the
identity fusing, which should give the S2 × S1 partition function, we have q˜ = q−1, and the
block variables x and x˜ can be shown to be related to the variables z and m in the index by
x = zq−m/2 and x˜ = z−1q−m/2 [79]. Thus we find:
B∆(x; q)B∆(x˜; q˜) =
(q1+m/2z−1; q)
(qm/2z; q)
(6.17)
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and comparing to (5.21), we see this correctly reproduces the index of the theory on S2×S1.
A similar result holds also for the other partition functions.
In general, in a gauge theory, there are typically many blocks, and a contour integral pre-
scription for computing them was given in [79], which can be derived using certain difference
operators acting on the blocks derived from studying loop operators supported at the tip of
the cigar. Subsequently the blocks were derived directly by localization in [81].
Higgs branch localization
An alternative way to exhibit the partition functions in the factorized form (6.10) is
by an alternative localization prescription, called “Higgs branch localization,” considered in
[82, 83]. This is to be contrasted with the localization we studied above, which might be
called “Coulomb branch localization,” since the BPS configurations which we localize to, and
then sum over, involve a constant value for the scalar σ, which parameterizes the Coulomb
branch in flat space.
To arrive at the Higgs branch localization, we add a new δ-exact term (here we work on
S3b ; a similar argument applies on the other spaces):
LH = t δTr( i
2
(ζ˜λ− λ˜ζ)H(φ)) = t Tr((1
2
? F3 − i(D + hσ))H(φ)) + fermions (6.18)
where H(φ) is an arbitrary function of the scalar fields in the chiral multiplets of the theory,
which is valued in the adjoint representation of the gauge group. By the usual argument,
the addition of this term does not affect the result of the path-integral. However, it does
change the set of field configurations we localize to in the t→∞ limit. A convenient choice
for H turns out to be:
H(φ) = ζ −
∑
i,a
T aadjφ˜iT
a
Ri
φi (6.19)
where ζ is a real parameter, which should not appear the final answer. As shown in [83], this
term, in combination with the usual δ-exact term, has the effect of localizing to the solutions
of the following equations:
0 = ?F3 +
σI
f
+H(φ) = ?F1 +D2σI = ?F2 −D1σI = D3σI = DiσR (6.20)
0 = (σR +mi)φi = D3φi − i(σI + r
f
)φi = (D1 − iD2)φi = Fi
where we express vectors in terms of the vielbein (2.40), and σ = σR + iσI . If we look for
solutions with Fµν = 0, these equations simplify to H(φ) = (σR + mi)φi = 0, which are
precisely the equations which would define a Higgs vacuum in flat space. For appropriate
matter content, and generic real masses, these solutions are discrete, and so we find a number
of such solutions equal to the number of Higgs vacua.
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More generally, if we relax the condition Fµν = 0, we find that, in the region near the
circles at χ = 0 (χ = pi
2
), the equations (6.20) are approximately those of a BPS (anti-)vortex
on R2 × S1. Far from the these circles the solution must take the form:
φi = φ
∗
i e
−imθ−inφ, A = −mdθ − ndφ (6.21)
where φ∗i is a Higgs vacuum, i.e., H(φ
∗
i ) = 0, and m,n are non-negative integers, which label
the (anti-)vortex numbers at the χ = 0 (χ = pi
2
) circles. Thus we find an infinite tower of
such BPS vortex configurations, and one can compute the contribution to the path integral
from these configurations in terms of the 3d vortex partition function, Zvortex, and one finds,
schematically: ∑
Higgs vacua
ZvortexZanti−vortex (6.22)
In general there may be other BPS configurations one must sum over (namely, “Coulomb-
like” configurations involving a non-zero value for σ), however, in cases where it is possible
to mass deform the theory such that all vacua are isolated Higgs vacua, this expression
computes the full partition function, and gives an alternate derivation of the factorized form
(6.10).
Similar factorizations of partition functions exist also in 2d, 4d, and 5d, with the latter
discussed in more detail in the accompanying review article in Contribution [84].
6.4 Limits of partition functions
In this section we consider various limits of the parameters on which the partition function
depends.
Large real masses
Given a 3d N = 2 theory in flat space, we can turn on real mass parameters to initiate
an RG flow to a new fixed point. Above, we have seen above that it is possible to turn on a
curved-space analogue of real mass parameters while preserving a deformed supersymmetry
algebra. These do not give rise to an RG flow to a different theory, but instead give a richer
observable of the original theory, generalizing the undeformed partition function and probing
the global symmetries of the theory. A natural question is whether these two kinds of real
mass deformations are related.
Recall that the supersymmetric actions we have written on curved geometries had the
important property that they reduced locally to the flat space actions as the size of the
manifold was taken to infinity. This ensures that when we couple the flat space UV action to
these geometries, we find the same result as if we had first flowed to low energies in flat space,
and then coupled the IR CFT to these backgrounds. Suppose that instead we wish to take
our flat space theory to be one deformed by some real mass parameters. Then, considering
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first the case of the round S3, if we compare (1.13) and (2.12) we see that in order to obtain
a flat space action with a finite real mass parameter m as `→∞, we must take:
mˆ = m` (6.23)
Now the S3 partition function is no longer independent of `, and so if we want to study the
IR fixed point of this flat space action, we must take the limit ` → ∞, in other words, we
must study the partition function in the limit mˆ → ∞. Let us see how this works in some
examples.
Chiral multiplet
First consider a chiral multiplet which is coupled with charge Q to a dynamical gauge
multiplet, with scalar σ, as well as to a background gauge multiplet with scalar M . Then
turning on a flat space real mass for this chiral multiplet corresponds to taking the M →∞
limit of the partition function, and one finds (generalizing now to the squashed sphere):27
sb(−M −Qσ) ∼
M→∞
exp
(
pii
2
sgn(M)
(
(M +Qσ)2 − 1
12
(b2 + b−2)
))
= epiiQ|M |σ e
1
2
pii sgn(M)Q2σ2 e
1
2
pii sgn(M)M2− 1
12
(b2+b−2) (6.24)
Let us compare this to what we obtain if we integrate out a charged chiral multiplet in flat
space. As discussed in [4], this induces effective Chern-Simons and FI terms for the gauge
multiplet:
ζeff = −1
2
Q |M |, keff = −1
2
Q2 sgn(M) (6.25)
Comparing to (6.24), we see this induces precisely the expected contribution of these terms
in the S3b partition function. In addition we find a flavor-flavor contact term, which can be
removed if desired by the addition of a local counterterm.
We can similarly take a large real mass limit in the supersymmetric index. From (5.11),
turning on a BPS configuration with background flux n for a U(1) flavor symmetry sets the
background fields to be (reinstating the radius ` of the S2, and taking ωµν as the volume
form of a unit sphere):
Fµν = − 1
`2
nωµν σ =
1
`
n (6.26)
Thus to obtain a finite real mass, σ = m, in the flat space limit, we should scale:
n = m` (6.27)
27Here we take r = 1 for simplicity; a more general r can be obtained by analytic continuation of M or σ,
and will introduce additional flavor-R and/or gauge-R contact terms
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In this limit the effect of the background flux is negligible, and so we correctly reproduce
the flat space action of a chiral multiplet with real mass m. The contribution of a charge
Q chiral multiplet in the background of a dynamical gauge field configuration labeled by zg
and mg gives:
Zr=1chi (zQg , Qmg + n) = e−
1
2
piiQ2m2(zg
−Q)
|Qmg+n|
2
∞∏
j=0
1− q 12+ |Qmg+n|2 +jzg−Q
1− q 12+ |Qmg+n|2 +jzQg
∼
n→∞
e−
1
2
piiQ2m2(zg
−Q)
1
2
sgn(n)(n+Qmg) = zg
− 1
2
Q|n| e−
1
2
piiQ2m2zg
− 1
2
Q2mg (6.28)
which again produces the expected Chern-Simons and FI term contributions, as in (6.25).
Gauge theory
The situation in a gauge theory is more complicated. For concreteness, let us consider
the S3b partition function of a U(Nc) gauge theory with Nf flavors and no CS term. Let us
turn on a real mass M for the Nf th flavor, which we will take very large. Specifically, we
consider:
lim
M→∞
ZU(Nc),Nf (µNf ,M) = (6.29)
lim
M→∞
1
Nc!
∫ Nc∏
j=1
(
e−2piiζσj
(Nf−1∏
a=1
sb(±(σj+ma)+µa)
)
sb(±(σj+M)+µNf )
)∏
i<j
2 sinhpib±(σi−σj)
where we suppress in the argument of Z the masses of the other flavors, which are remaining
light, and the FI parameter.
A naive guess would be to just take the large M limit of the integrand, using the formula
(6.24) to simplify the contribution of the massive flavor. We find the integrand becomes:
e2piiMNc(
iQ
2
+µNf )
1
Nc!
Nc∏
j=1
e−2pii(ζ−
iQ
2
−µNf )σj
Nf−1∏
a=1
sb(±(σj +ma) + µa)
∏
i<j
2 sinhpib±(σi − σj)
(6.30)
which, up to an overall factor, is the integrand for a U(Nc) theory with Nf − 1 flavors, as
we might have expected.
However, this turns out to be incorrect, in general. Namely, when we take the limit of
an integral, we must make sure we capture the dominant contribution. In some cases this
contribution may remain at finite σj as M →∞, in which case taking the limit at the level
of the integrand as we did above is justified. In the present case, a more careful analysis [45]
shows that this is the case only when:
Q
2
(Nf −Nc − 1)− ImµNf > 0 (6.31)
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When this is not true, one finds instead that it is appropriate to shift one of the eigenvalues,
σNc = σ
′ +M , and one finds the integrand in (6.29) becomes:28.
exp
(
2pii(M((Nf − 1)iQ
2
+ (Nc − 1)µNf +
Nf−1∑
a=1
µa) +
Nf−1∑
a=1
ma(−iQ
2
− µa + ζ − µNf ))
)
×
× 1
(Nc − 1)!
Nc−1∏
j=1
(
e−2pii(ζ−µNf )σj
Nf−1∏
a=1
sb(±(σj +ma) + µa)
)∏
i<j
2 sinhpib±(σi − σj)
× e−2pii(ζ+ iQ2 (Nf−Nc)−
∑Nf−1
a=1 µa)σ
′
sb(±σ′ + µNf ) (6.32)
Here we find the S3b partition function of a U(1) × U(Nc − 1) theory. The U(1) sector,
parameterized by σ′, is decoupled from the U(Nc − 1) sector, and one can dualize it into
singlet chiral multiplets. Thus we find a U(Nc − 1) theory with Nf − 1 flavors, and some
additional singlets. To summarize, we have found that:
ZU(Nc),Nf (M,µNf ) ∼
M→∞

ef1(M,µNf )ZU(Nc),Nf−1 (6.31) satisfied
ef2(M,µNf )ZU(Nc−1),Nf−1 (6.31) not satisfied
(6.33)
where fi are simple divergent factors, which can be stripped off in either case to obtain a
finite answer.
To understand the physics of these two possible limits, note that turning on a real mass
parameter in flat space typically deforms the moduli space of the theory, and the resulting
moduli space may have multiple points where an interacting SCFT resides (see Figure 3).
In the present example, when we turn on a finite real mass m deformation in flat space, the
moduli space is deformed and two interacting fixed points appear, one at σ = diag(0, ..., 0),
and one at σ = diag(0, ...,−m). The low energy theories describing these two points are
precisely the two we have found above. Depending on the inequality, one or the other of
these SCFTs will have the dominant contribution to the S3b partition function in the large
real mass limit.
If we start with a pair of dual theories and add dual real mass deformations, there must
exist a mapping of the resulting SCFTs which relates them by duality. This can be a useful
method for producing new dualities from known ones [45, 85, 86]. In this example, the
original theory has an Aharony dual description as a U(Nˆc) theory with Nf flavors, where
Nˆc = Nf −Nc, and taking the corresponding limit there one finds:
lim
M→∞
ZU(Nˆc),Nf (M,µNf ) =
{
ef1(M,µNf )ZU(Nˆc−1),Nf−1 (6.31) satisfied
ef2(M,µNf )ZU(Nˆc),Nf−1 (6.31) not satisfied
(6.34)
28The Weyl factor 1Nc! has been replaced by
1
(Nc−1)! because we have multiplied by Nc to account for the
choices to shift σj<Nc rather than σNc , which all give equivalent results
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Figure 3: In the top, the Coulomb branch of the undeformed theory, with a single interacting
fixed point at σj = 0. In the bottom, the Coulomb branch of the theory with a real mass m,
which deforms the moduli space, and there are now two points with non-trivial SCFTs.
The duality of the original theories implies their S3b partition functions are equal for all M .
Then if we are in the case where (6.31) is satisfied, for example, then we see the divergent
factors on the two sides agree and can be stripped off, and taking the M → ∞ limit we
obtain an identity:
ZU(Nc),Nf = ZU(Nf−Nc−1),Nf (6.35)
which correctly reproduces the identity for a new Aharony dual pair with Nf − 1 flavors.
When (6.31) is not satisfied, we find the identity for a different dual pair. Note that, in order
to correctly obtain the duality with Nf − 1 flavors, it was crucial to understand the multiple
saddles in the M → ∞ limit of the partition function. In particular, taking the naive limit
on both sides would have led us to an incorrect duality.
Dimensional reduction
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As a final application, we consider limits of supersymmetric partition functions which
connect theories in different dimensions.
First, we consider the supersymmetric index for four dimensional theories with N = 1
supersymmetry. This is reviewed in the accompanying article in Contribution [47]. The
index can be written as a trace over states on S3:
I(p, q, µa) = Tr(−1)Fpj`+jr−R2 qj`−jr−R2
∏
a
µFaa (6.36)
where j` and jr are the Cartan of the SU(2)` and SU(2)r isometries of S
3, R is the R-
symmetry, and Fa are flavor fugacities. The index of a chiral multiplet charged under a
symmetry with fugacity z is given by the elliptic gamma function, Γe(z; p, q).
As discussed in Contribution [47], the index can also be interpreted as a partition function
on S3b × S1τ , where τ is the ratio of the radius of the S1 to that of the S3b , and is related to
the parameters above by [87, 45]:
p = e2piiτb, q = e2piiτb
−1
, µa = e
2piiτma (6.37)
where ma is the A4 component of background gauge field coupled to the flavor symmetry
Fa. If we now send the radius τ to zero, we find, for a chiral multiplet [87, 88, 89]:
Γe(z = e
2piiτσ, p = e2piiτb, q = e2piiτb
−1
)→ e pii6τ (σ−Q)sb(σ) (6.38)
More generally, one can consider this limit for a gauge theories, in which case the compact
integral over the gauge fugacities zi in 4d descends to the non-compact integral over σi as
τ → 0, and we recover the dimensionally reduced theory, with however a constraint on
their real mass parameters owing to anomalies in four dimensions. This constraint can be
attributed to a superpotential which is generated when we compactify the four dimensional
theories on a circle [45]. If we start with a dual pair of theories in four dimensions, taking
this limit implies the identity of their 3d reductions, with this superpotential term.
One can similarly consider a limit of the partition function of a 4d N = 1 theory on
L(p, 1) × S1τ as τ → 0, and we recover the partition function on L(p, 1), up to a simple
divergent factor [38].
We can also take limits starting from three dimensions. First consider the S2 × S1
partition function. Then we expect the limit where the radius of the S1 goes to zero to give
the partition function on S2. To see this for a chiral multiplet, recall that its S2 × S1 index
is:
Ichi(z,m; q) = e− 12piim2(q 1−r2 z−1)m2 (q
1− r
2
+m
2 z−1; q)
(q
r
2
+m
2 z; q)
(6.39)
where we recall (z; q) =
∏∞
j=0(1 − zqj). Then writing q = e−τ , z = eiτη, and using the
identity [90]:
lim
z→1
(zs; z)
(zt; z)
(1− z)s−t = Γ(t)
Γ(s)
(6.40)
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we find:
Ichi(z,m; q) −→
τ→0
τ 2iη+1−re−
1
2
piim2 Γ(
r
2
− iη − m
2
)
Γ(1− r
2
+ iη − m
2
)
(6.41)
As described in the accompanying article in Contribution [91], the ratio of gamma functions
on the RHS describes the contribution of a chiral multiplet on S2, and there is an additional
divergent factor arising from integrating out the KK modes. For a gauge theory, the finite
integral over the holonomy decompactifies into a real integral over σ, much as in the limit
of the 4d index. In addition, the infinite sum over monopole fluxes remains, giving a similar
infinite sum over fluxes which appears in the S2 partition function.
We can also start with the the lens space S3/Zp, and consider the p → ∞ limit. In
this limit, the circle fiber of the lens space shrinks to zero size, and so we again expect the
geometry to approach that of S2. Thus one expects the p → ∞ limit of the lens space
partition function to go over to the partition function on S2 [90]. Indeed, recall the lens
space partition function of a chiral multiplet:
s
(p)
b (iQ(1−r)+σ;m) =
∏
m,n≥0,m+n=m (mod p)
(m+ 1
2
)b+ (n+ 1
2
)b−1 − i(iQ(1− r) + σ)
(m+ 1
2
)b+ (n+ 1
2
)b−1 + i(iQ(1− r) + σ) (6.42)
we see that, as p→∞, this becomes a single infinite product over k ≥ 0, where
n = m−m = k, m ≥ 0, m = n+ m = k, (6.43)
and so:
s
(p→∞)
b (iQ(1− r) + σ;m) =
∏
k≥0
k + |m|
2
+ 1− r
2
+ iσ
k + |m|
2
+ r
2
− iσ (6.44)
which again reproduces the S2 partition function of a chiral multiplet. For a gauge theory,
as we take p→∞, the finite sum over m gives rise to the infinite sum over monopole fluxes
on S2.
Acknowledgements
The author would like to thank Ofer Aharony, Anton Kapustin, Nathan Seiberg, Shlomo
Razamat, and Itamar Yaakov for collaborations on some of the work discussed in this article.
This research was supported in part by the National Science Foundation under Grant No.
NSF PHY11-25915.
References
[1] V. Pestun and M. Zabzine, eds., Localization techniques in quantum field theory,
vol. xx. Journal of Physics A, 2016. 1608.02952.
63
https://arxiv.org/src/1608.02952/anc/LocQFT.pdf,
http://pestun.ihes.fr/pages/LocalizationReview/LocQFT.pdf.
[2] E. Witten, “Topological Quantum Field Theory,” Commun. Math. Phys. 117 (1988)
353.
[3] V. Pestun, “Localization of gauge theory on a four-sphere and supersymmetric Wilson
loops,” Commun. Math. Phys. 313 (2012) 71–129, arXiv:0712.2824 [hep-th].
[4] O. Aharony, A. Hanany, K. A. Intriligator, N. Seiberg, and M. J. Strassler, “Aspects
of N=2 supersymmetric gauge theories in three-dimensions,” Nucl. Phys. B499 (1997)
67–99, arXiv:hep-th/9703110 [hep-th].
[5] C. Closset, T. T. Dumitrescu, G. Festuccia, and Z. Komargodski, “Supersymmetric
Field Theories on Three-Manifolds,” JHEP 05 (2013) 017, arXiv:1212.3388
[hep-th].
[6] D. Gaiotto and X. Yin, “Notes on superconformal Chern-Simons-Matter theories,”
JHEP 08 (2007) 056, arXiv:0704.3740 [hep-th].
[7] D. Gaiotto and E. Witten, “S-Duality of Boundary Conditions In N=4 Super
Yang-Mills Theory,” Adv. Theor. Math. Phys. 13 (2009) no. 3, 721–896,
arXiv:0807.3720 [hep-th].
[8] D. Gaiotto and E. Witten, “Janus Configurations, Chern-Simons Couplings, And The
theta-Angle in N=4 Super Yang-Mills Theory,” JHEP 06 (2010) 097,
arXiv:0804.2907 [hep-th].
[9] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, “N=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 10 (2008)
091, arXiv:0806.1218 [hep-th].
[10] O. Aharony, O. Bergman, and D. L. Jafferis, “Fractional M2-branes,” JHEP 11 (2008)
043, arXiv:0807.4924 [hep-th].
[11] J. Bagger and N. Lambert, “Modeling Multiple M2’s,” Phys. Rev. D75 (2007) 045020,
arXiv:hep-th/0611108 [hep-th].
[12] A. Gustavsson, “Algebraic structures on parallel M2-branes,” Nucl. Phys. B811
(2009) 66–76, arXiv:0709.1260 [hep-th].
[13] L. Rozansky and E. Witten, “HyperKahler geometry and invariants of three
manifolds,” Selecta Math. 3 (1997) 401–458, arXiv:hep-th/9612216 [hep-th].
[14] A. Kapustin, B. Willett, and I. Yaakov, “Exact Results for Wilson Loops in
Superconformal Chern-Simons Theories with Matter,” JHEP 03 (2010) 089,
arXiv:0909.4559 [hep-th].
64
[15] D. L. Jafferis, “The Exact Superconformal R-Symmetry Extremizes Z,” JHEP 05
(2012) 159, arXiv:1012.3210 [hep-th].
[16] N. Hama, K. Hosomichi, and S. Lee, “Notes on SUSY Gauge Theories on
Three-Sphere,” JHEP 03 (2011) 127, arXiv:1012.3512 [hep-th].
[17] G. Festuccia and N. Seiberg, “Rigid Supersymmetric Theories in Curved Superspace,”
JHEP 06 (2011) 114, arXiv:1105.0689 [hep-th].
[18] T. Dumitrescu, “An Introduction to Supersymmetric Field Theories in Curved Space,”
Journal of Physics A xx (2016) 000, 1608.02957.
[19] C. Closset, T. T. Dumitrescu, G. Festuccia, and Z. Komargodski, “The Geometry of
Supersymmetric Partition Functions,” JHEP 01 (2014) 124, arXiv:1309.5876
[hep-th].
[20] N. Hama, K. Hosomichi, and S. Lee, “SUSY Gauge Theories on Squashed
Three-Spheres,” JHEP 05 (2011) 014, arXiv:1102.4716 [hep-th].
[21] Y. Imamura and D. Yokoyama, “N=2 supersymmetric theories on squashed
three-sphere,” Phys. Rev. D85 (2012) 025015, arXiv:1109.4734 [hep-th].
[22] D. Martelli and J. Sparks, “The gravity dual of supersymmetric gauge theories on a
biaxially squashed three-sphere,” Nucl. Phys. B866 (2013) 72–85, arXiv:1111.6930
[hep-th].
[23] J. Nian, “Localization of Supersymmetric Chern-Simons-Matter Theory on a Squashed
S3 with SU(2)× U(1) Isometry,” JHEP 07 (2014) 126, arXiv:1309.3266 [hep-th].
[24] C. Imbimbo and D. Rosa, “Topological anomalies for Seifert 3-manifolds,” JHEP 07
(2015) 068, arXiv:1411.6635 [hep-th].
[25] J. Kallen, “Cohomological localization of Chern-Simons theory,” JHEP 08 (2011) 008,
arXiv:1104.5353 [hep-th].
[26] K. Ohta and Y. Yoshida, “Non-Abelian Localization for Supersymmetric
Yang-Mills-Chern-Simons Theories on Seifert Manifold,” Phys. Rev. D86 (2012)
105018, arXiv:1205.0046 [hep-th].
[27] D. Martelli and A. Passias, “The gravity dual of supersymmetric gauge theories on a
two-parameter deformed three-sphere,” Nucl. Phys. B877 (2013) 51–72,
arXiv:1306.3893 [hep-th].
[28] N. Drukker, T. Okuda, and F. Passerini, “Exact results for vortex loop operators in 3d
supersymmetric theories,” JHEP 07 (2014) 137, arXiv:1211.3409 [hep-th].
[29] K. Hosomichi, “A review on SUSY gauge theories on S3,” Math. Phys. Stud.
9783319187693 (2016) 307–338, arXiv:1412.7128 [hep-th].
65
[30] L. F. Alday, D. Martelli, P. Richmond, and J. Sparks, “Localization on
Three-Manifolds,” JHEP 10 (2013) 095, arXiv:1307.6848 [hep-th].
[31] F. Benini and A. Zaffaroni, “A topologically twisted index for three-dimensional
supersymmetric theories,” JHEP 07 (2015) 127, arXiv:1504.03698 [hep-th].
[32] A. Kapustin, B. Willett, and I. Yaakov, “Exact results for supersymmetric abelian
vortex loops in 2+1 dimensions,” JHEP 06 (2013) 099, arXiv:1211.2861 [hep-th].
[33] T. Nishioka and I. Yaakov, “Supersymmetric Renyi Entropy,” JHEP 10 (2013) 155,
arXiv:1306.2958 [hep-th].
[34] Y. Imamura and D. Yokoyama, “S3/Zn partition function and dualities,” JHEP 11
(2012) 122, arXiv:1208.1404 [hep-th].
[35] L. F. Alday, M. Fluder, and J. Sparks, “The Large N limit of M2-branes on Lens
spaces,” JHEP 10 (2012) 057, arXiv:1204.1280 [hep-th].
[36] O. Aharony, N. Seiberg, and Y. Tachikawa, “Reading between the lines of
four-dimensional gauge theories,” JHEP 08 (2013) 115, arXiv:1305.0318 [hep-th].
[37] D. Gang, “Chern-Simons theory on L(p,q) lens spaces and Localization,”
arXiv:0912.4664 [hep-th].
[38] F. Benini, T. Nishioka, and M. Yamazaki, “4d Index to 3d Index and 2d TQFT,”
Phys. Rev. D86 (2012) 065015, arXiv:1109.0283 [hep-th].
[39] F. Nieri and S. Pasquetti, “Factorisation and holomorphic blocks in 4d,” JHEP 11
(2015) 155, arXiv:1507.00261 [hep-th].
[40] Y. Imamura, H. Matsuno, and D. Yokoyama, “Factorization of the S3/Zn partition
function,” Phys. Rev. D89 (2014) no. 8, 085003, arXiv:1311.2371 [hep-th].
[41] S. Kim, “The Complete superconformal index for N=6 Chern-Simons theory,” Nucl.
Phys. B821 (2009) 241–284, arXiv:0903.4172 [hep-th]. [Erratum: Nucl.
Phys.B864,884(2012)].
[42] Y. Imamura and S. Yokoyama, “Index for three dimensional superconformal field
theories with general R-charge assignments,” JHEP 04 (2011) 007, arXiv:1101.0557
[hep-th].
[43] T. T. Wu and C. N. Yang, “Dirac monopole without strings: Monopole harmonics,”
Nucl. Phys. B 107, 365 (1976) .
[44] T. Dimofte, D. Gaiotto, and S. Gukov, “3-Manifolds and 3d Indices,” Adv. Theor.
Math. Phys. 17 (2013) no. 5, 975–1076, arXiv:1112.5179 [hep-th].
66
[45] O. Aharony, S. S. Razamat, N. Seiberg, and B. Willett, “3d dualities from 4d
dualities,” JHEP 07 (2013) 149, arXiv:1305.3924 [hep-th].
[46] J. Kinney, J. M. Maldacena, S. Minwalla, and S. Raju, “An Index for 4 dimensional
super conformal theories,” Commun. Math. Phys. 275 (2007) 209–254,
arXiv:hep-th/0510251 [hep-th].
[47] L. Rastelli and S. Razamat, “The supersymmetric index in four dimensions,” Journal
of Physics A xx (2016) 000, 1608.02965.
[48] S. Kim and K. Lee, “Indices for 6 dimensional superconformal field theories,” Journal
of Physics A xx (2016) 000, 1608.02969.
[49] S. S. Razamat and B. Willett, “Down the rabbit hole with theories of class S,” JHEP
10 (2014) 99, arXiv:1403.6107 [hep-th].
[50] S. Cremonesi, A. Hanany, and A. Zaffaroni, “Monopole operators and Hilbert series of
Coulomb branches of 3d N = 4 gauge theories,” JHEP 01 (2014) 005,
arXiv:1309.2657 [hep-th].
[51] M. Marin˜o, “Localization at large N in Chern-Simons-matter theories,” Journal of
Physics A xx (2016) 000, 1608.02959.
[52] S. Pufu, “The F-Theorem and F-Maximization,” Journal of Physics A xx (2016) 000,
1608.02960.
[53] H. Casini and M. Huerta, “On the RG running of the entanglement entropy of a
circle,” Phys. Rev. D85 (2012) 125016, arXiv:1202.5650 [hep-th].
[54] T. Dimofte, “Perturbative and nonperturbative aspects of complex Chern-Simons
Theory,” Journal of Physics A xx (2016) 000, 1608.02961.
[55] F. Benini, C. Closset, and S. Cremonesi, “Comments on 3d Seiberg-like dualities,”
JHEP 10 (2011) 075, arXiv:1108.5373 [hep-th].
[56] V. P. Spiridonov and G. S. Vartanov, “Elliptic hypergeometry of supersymmetric
dualities II. Orthogonal groups, knots, and vortices,” Commun. Math. Phys. 325
(2014) 421–486, arXiv:1107.5788 [hep-th].
[57] D. Jafferis and X. Yin, “A Duality Appetizer,” arXiv:1103.5700 [hep-th].
[58] A. Kapustin, H. Kim, and J. Park, “Dualities for 3d Theories with Tensor Matter,”
JHEP 12 (2011) 087, arXiv:1110.2547 [hep-th].
[59] J. Park and K.-J. Park, “Seiberg-like Dualities for 3d N=2 Theories with SU(N) gauge
group,” JHEP 10 (2013) 198, arXiv:1305.6280 [hep-th].
67
[60] K. A. Intriligator and N. Seiberg, “Mirror symmetry in three-dimensional gauge
theories,” Phys. Lett. B387 (1996) 513–519, arXiv:hep-th/9607207 [hep-th].
[61] J. de Boer, K. Hori, H. Ooguri, and Y. Oz, “Mirror symmetry in three-dimensional
gauge theories, quivers and D-branes,” Nucl. Phys. B493 (1997) 101–147,
arXiv:hep-th/9611063 [hep-th].
[62] A. Kapustin, B. Willett, and I. Yaakov, “Nonperturbative Tests of Three-Dimensional
Dualities,” JHEP 10 (2010) 013, arXiv:1003.5694 [hep-th].
[63] S. Benvenuti and S. Pasquetti, “3D-partition functions on the sphere: exact evaluation
and mirror symmetry,” JHEP 05 (2012) 099, arXiv:1105.2551 [hep-th].
[64] A. Kapustin and M. J. Strassler, “On mirror symmetry in three-dimensional Abelian
gauge theories,” JHEP 04 (1999) 021, arXiv:hep-th/9902033 [hep-th].
[65] N. Seiberg, “Electric - magnetic duality in supersymmetric nonAbelian gauge
theories,” Nucl. Phys. B435 (1995) 129–146, arXiv:hep-th/9411149 [hep-th].
[66] O. Aharony, “IR duality in d = 3 N=2 supersymmetric USp(2N(c)) and U(N(c))
gauge theories,” Phys. Lett. B404 (1997) 71–76, arXiv:hep-th/9703215 [hep-th].
[67] A. Giveon and D. Kutasov, “Seiberg Duality in Chern-Simons Theory,” Nucl. Phys.
B812 (2009) 1–11, arXiv:0808.0360 [hep-th].
[68] H. Kim and J. Park, “Aharony Dualities for 3d Theories with Adjoint Matter,” JHEP
06 (2013) 106, arXiv:1302.3645 [hep-th].
[69] O. Aharony and D. Fleischer, “IR Dualities in General 3d Supersymmetric SU(N)
QCD Theories,” JHEP 02 (2015) 162, arXiv:1411.5475 [hep-th].
[70] A. Kapustin, “Seiberg-like duality in three dimensions for orthogonal gauge groups,”
arXiv:1104.0466 [hep-th].
[71] A. Kapustin, B. Willett, and I. Yaakov, “Tests of Seiberg-like Duality in Three
Dimensions,” arXiv:1012.4021 [hep-th].
[72] B. Willett and I. Yaakov, “N=2 Dualities and Z Extremization in Three Dimensions,”
arXiv:1104.0487 [hep-th].
[73] C. Hwang, K.-J. Park, and J. Park, “Evidence for Aharony duality for orthogonal
gauge groups,” JHEP 11 (2011) 011, arXiv:1109.2828 [hep-th].
[74] C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski, and N. Seiberg, “Contact
Terms, Unitarity, and F-Maximization in Three-Dimensional Superconformal
Theories,” JHEP 10 (2012) 053, arXiv:1205.4142 [hep-th].
[75] F. Van de Bult, “Hyperbolic Hypergeometric Functions,” Thesis (2007) .
68
[76] A. Kapustin and B. Willett, “Wilson loops in supersymmetric Chern-Simons-matter
theories and duality,” arXiv:1302.2164 [hep-th].
[77] B. Assel and J. Gomis, “Mirror Symmetry And Loop Operators,” JHEP 11 (2015)
055, arXiv:1506.01718 [hep-th].
[78] S. Pasquetti, “Factorisation of N = 2 Theories on the Squashed 3-Sphere,” JHEP 04
(2012) 120, arXiv:1111.6905 [hep-th].
[79] C. Beem, T. Dimofte, and S. Pasquetti, “Holomorphic Blocks in Three Dimensions,”
JHEP 12 (2014) 177, arXiv:1211.1986 [hep-th].
[80] S. Cecotti and C. Vafa, “Topological-anti-topological fusion,” Nuclear Physics B 367
(1991) 359–461.
[81] Y. Yoshida and K. Sugiyama, “Localization of 3d N = 2 Supersymmetric Theories on
S1 ×D2,” arXiv:1409.6713 [hep-th].
[82] M. Fujitsuka, M. Honda, and Y. Yoshida, “Higgs branch localization of 3d = 2
theories,” PTEP 2014 (2014) no. 12, 123B02, arXiv:1312.3627 [hep-th].
[83] F. Benini and W. Peelaers, “Higgs branch localization in three dimensions,” JHEP 05
(2014) 030, arXiv:1312.6078 [hep-th].
[84] S. Pasquetti, “Holomorphic blocks and the 5d AGT correspondence,” Journal of
Physics A xx (2016) 000, 1608.02968.
[85] V. Niarchos, “Seiberg dualities and the 3d/4d connection,” JHEP 07 (2012) 075,
arXiv:1205.2086 [hep-th].
[86] A. Amariti and C. Klare, “Chern-Simons and RG Flows: Contact with Dualities,”
JHEP 08 (2014) 144, arXiv:1405.2312 [hep-th].
[87] Y. Imamura, “Relation between the 4d superconformal index and the S3 partition
function,” JHEP 09 (2011) 133, arXiv:1104.4482 [hep-th].
[88] F. A. H. Dolan, V. P. Spiridonov, and G. S. Vartanov, “From 4d superconformal
indices to 3d partition functions,” Phys. Lett. B704 (2011) 234–241,
arXiv:1104.1787 [hep-th].
[89] A. Gadde and W. Yan, “Reducing the 4d Index to the S3 Partition Function,” JHEP
12 (2012) 003, arXiv:1104.2592 [hep-th].
[90] F. Benini and S. Cremonesi, “Partition Functions of N = (2, 2) Gauge Theories on S2
and Vortices,” Commun. Math. Phys. 334 (2015) no. 3, 1483–1527, arXiv:1206.2356
[hep-th].
[91] F. Benini and B. Le Floch, “Supersymmetric localization in two dimensions,” Journal
of Physics A xx (2016) 000, 1608.02955.
69
